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Proof

1. Proof

What students need to learn:

Content

1.1

Understand and use the
structure of mathematical
proof, proceeding from
given assumptions
through a series of logical
steps to a conclusion; use
methods of proof,
including:

Proof by deduction

Proof by exhaustion

Disproof by counter
example

Proof by contradiction
(including proof of the
irrationality of V2 and the
infinity of primes, and
application to unfamiliar
proofs).

Guidance

Examples of proofs:
Proof by deduction

e.g. using completion of the square,
prove that n* — 6n + 10 is positive for
all values of n or, for example,
differentiation from first principles for
small positive integer powers of x or
proving results for arithmetic and geometric
series. This is the most commonly used
method of proof throughout this
specification

Proof by exhaustion

This involves trying all the options.
Suppose x and y are odd integers less

than 7. Prove that their sum is
divisible by 2.

Disproof by counter example

e.g. show that the statement
“n* —n +1is a prime number for all
values of #” is untrue
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1. Proof

X=y .
1 Prove that———=/x +/y.
VX =y

o Prove that the sum of two consecutive positive odd numbers less than ten gives an even
number.

Prove that the statement ‘#°> — n + 3 is a prime number for all values of " is untrue.

4 prove by contradiction that \% is an irrational number. (5 marks)

® o 6

Prove that if ¢ is an irrational number then ¢ is an irrational number.

® O

6 Use proof by contradiction to show that there exist

5 ; Assume the opposite is true,
no integers @ and b for which 21a + 14b = 1. @ e

and then divide both sides by the
highest common factor of 21 and 14.
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1. Proof

Answers

1 %Y y vz +Y) - (x - y)lvx + /1)
Vx -y T +JY x-y

=\-I+\-"y
2, 1+3=even,3+5=even,5+7 =even, 7+ 9 =even

3 For example when n = 6

4 Assume \% is a rational number.
Then ‘g = % for some integers a and b.
Further assume that this fraction is in its simplest
terms: there are no common factors between a and b.

S0 0.5 = g_j or 2a2 = b2,

Therefore b* must be a multiple of 2.

We know that this means b must also be a multiple
of 2.

Write b = 2¢, which means b = (2¢)? = 4¢2.

Now 4¢? = 2a?, or 2¢% = @

Therefore a® must be a multiple of 2, which implies a is
also a multiple of 2.

If @ and b are both multiples of 2, this contradicts the
statement that there are no common factors between
aandb.

Therefore, \% is an irrational number.

5 Assume there exists a rational number ¢ such that ¢? is
irrational.

So write ¢ = % where a and b are integers.

2 @°
=3e
As a and b are integers a” and b? are integers.
So ¢* is rational.

g Assumption: there exists integers a and b such that
21a + 14b = 1.
Since 21 and 14 are multiples of 7, divide both sides
by 7.
So now 3a + 2b =+
3a is also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so
3a + 2b = ‘an integer’.
This contradicts the statement that 3a + 2b = % ’
Therefore there exists no integers a and b for which
2la + 14b =1.

Page |5



2. Algebra and Functions

What students need to learn:

Guidance

2

Algebra and
functions

2.1 Understand and use the a"xa"=a" " g g =" ", (a™m"=a™
1 H m
Iamfs of indices for all The equivalence ofa” and Ya™ should
rational exponents.
be known.

2.2 Use and manipulate surds, | Students should be able to simplify
including rationalising the | algebraic surds using the results
denominator. .

(.JT) = =JTJT and
(V¥ +J7)(Nx =) ==
2.3 Work with quadratic The notation f(x) may be used
functions and their graphs.
The discriminant of a Need to know and to use
!]uadra_ltlc functlonf ) b*— 4ac >0, b~ 4ac =0 and
including the conditions N
b—4ac <0
for real and repeated
roots.
. 2 bY [ B
Completing the square. ax*+bhx+te=al X+— | +| c——
2a 4a
Solution of quadratic Solution of quadratic equations by
equations factorisation, use of the formula, use
of a calculator and completing the
square.
including solving quadratic | These functions could include powers
equations in a function of of x, trigonometric functions of x,
the unknown. exponential and logarithmic functions
of x.
2.4 Solve simultaneous The quadratic may involve powers of

equations in two variables
by elimination and by
substitution, including one
linear and one quadratic
equation.

2 in one unknown or in both
unknowns,

e.g.solve y=2x+3,y=x'—4x+8
or

X -3r=6,x"—p"+3x =50
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2. Algebra and Functions

What students need to learn:

2

Algebra and
functions

continued

Guidance

2.5 Solve linear and quadratic | e.g. solving
|||Et_]uallt|es ina single b ex+d,
variable and interpret such
inequalities graphically, px: +qx+rz0,
prEge+r<ax+b
and interpreting the third inequality
as the range of x for which the curve
y=px*+ gx + ris below the line with
equation y=ax+5b
including inequalities with | These would be reducible to linear or
brackets and fractions. quadratic inequalities
a 2
e.g. — < b becomes ax < bx~
x
Express solutions through | So, e.g. x <a or x > b is equivalent to {
correct use of ‘and’ and xrx<ajufx:x=b}
‘or’, or through set and {x:c<xinmn{x:x<dlis
notation. equivalenttox >cand x < d
Represent linear and Shading and use of dotted and solid
quadratic inequalities such | line convention is required.
asy>x+1and
1= ax*+ bx + ¢ graphically.
2.6 Manipulate polynomials Only division by (ax + b) or (ax — b) will

algebraically, including
expanding brackets and
collecting like terms,
factorisation and simple
algebraic division; use of
the factor theorem.

Simplify rational expressions,
including by factorising and
cancelling, and algebraic
division (by linear expressions
only).

be required. Students should know
that if f(x) = 0 when x = a, then (x —a)
is a factor of f(x).

Students may be required to factorise
cubic expressions such as
' +3x—4 and 6x° + 11x* —x - 6.

Denominators of rational expressions will
be linear or quadratic,

x3 +£Jl
2

1 ax+b

v

a+h px?+gr+r x-a
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2. Algebra and Functions

What students need to learn:

Content

Guidance

2

Algebra and
functions

continued

2.7

y=

Understand and use
graphs of functions; sketch
curves defined by simple
equations including
polynomials

The modulus of a linear
function.

a
— and _v=i3
X X
(including their vertical

and horizontal
asymptotes)

Interpret algebraic
solution of equations
graphically; use
intersection points of
graphs to solve equations.

Understand and use
proportional relationships
and their graphs.

Graph to include simple cubic and
quartic functions,

e.g. sketch the graph with equation
y=x(x-1y

Students should be able to sketch the
graphs ufy=|ax+b|

They should be able to use their graph.

For example, sketch the graph with
equation y = |2x — 1| and use the graph to
solve the equation | 2x— 1| =x or the
inequality l2x—1| >x

The asymptotes will be parallel to the
axes e.q. the asymptotes of the curve

with equation y = + b are the

x+a
lines with equations y=bandx=—-a

Direct proportion between two
variables.

Express relationship between two
variables using proportion “ec”
symbol or using equation involving
constant

e.g. the circumference of a semicircle
is directly proportional to its diameter
s0 (' oc d or C = kd and the graph of C
against d is a straight line through the
origin with gradient i.

Page |8




2. Algebra and Functions

What students need to learn:

Content
2 2.8 Understand and use The concept of a function as a one-one or
composite functions; inverse many-one mapping from R (or a subset of
Algebra and . ; ; .
A functions and their graphs. R) to B. The notation £:x = and f{x) will
functions ] )
be used. Domain and range of functions.
continued :
Students should know that fg will mean
‘do g first, then f and that if £ exists,
then
Fiix)=f"x)=x
They should also know that the graph of
v=f7(x) is the image of the graph of
v = fi(x) after reflection in the line y =x
2.9 Understand the effect of Students should be able to find the graphs
simple transformations on | of y = |f(x)| and y= |f(—x)| . given the
the graph of y=1x), graph of y = fi{x).
including sketching
. ; Students should be able to apply a
associated graphs: . ) .
combination of these transformations
y=af(x), y=1(x)+a, to any of the functions in the A Level
y=f(x+a), y=fla)and specification (quadratics, cubics,
combinations of these quartics, reciprocal, L}, x|, sinx,
transformations x
cosx, tany, e and ) and sketch the
resulting graph.
Given the graph of y = {f{(x), students
should be able to sketch the graph of, e.g.
y=2f3x), ory=f{—x) + 1,
and should be able to sketch
(for example)
T
y=3+sin2x, y=—cos I+:
2.10 | Decompose rational functions | Partial fractions to include denominators
into partial fractions such as
(denominaters not more
+b + + d
complicated than squared (@x +B)ex +d)(ex +) an
linear terms and with no (ax + B)cx + d).
more than 3 terms, Applications to integration, differentiation
r?umemtors constant or and series expansions.
linear).
2 2.11 | Use of functions in modelling, | For example, use of trigonometric
including consideration of functions for modelling tides, hours of
Algebra and . ; . i
functions limitations and refinements of | sunlight, etc. Use of exponential functions
the models. for growth and decay (see Paper 1,
continued Section 6.7). Use of reciprocal function for
inverse proportion (e.g. pressure and
volume).
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2. Algebra and Functions

1 Lynn is selling cushions as part of an enterprise project. On her first attempt, she sold 80
cushions at the cost of £15 each. She hopes to sell more cushions next time. Her adviser
suggests that she can expect to sell 10 more cushions for every £1 that she lowers the price.

a The number of cushions sold ¢ can be modelled by the equation ¢ = 230 — Hp, where
£p is the price of each cushion and H is a constant. Determine the value of H. (1 mark)

To model her total revenue, £, Lynn multiplies the number of cushions sold by the price of
each cushion. She writes this as r = p(230 - Hp).
b Rearrange r into the form A4 — B(p — C)%, where A, B and C are constants to be

found. (3 marks)
¢ Using your answer to part b or otherwise, show that Lynn can increase her revenue by £122.50
through lowering her prices, and state the optimum selling price of a cushion. (2 marks)

@ 2 Find the set of values of x for which the curve with equation y = 2x>+ 3x - 15 s

below the line with equation y = 8 + 2x. (5 marks)
3 a Factorise completely x* — 6x% + 9x. (2 marks)
b Sketch the curve of y = x* — 6x? + 9x showing clearly the coordinates of the
points where the curve touches or crosses the axes. (4 marks)

¢ The point with coordinates (-4, 0) lies on the curve with equation
y=(x=k) = 6(x - k)*+ 9(x - k) where k is a constant.
Find the two possible values of k. (3 marks)

4 h(x) =x*+4x7 + rx + 5. Given h(~1) = 0, and h(2) = 30:
a find the values of rand s (6 marks)
b factorise h(x). (3 marks)

@ 5 Given that \:;t !, . P+ g + \'lj 5» find the values of the constants P, Q and R. (5 marks)

6 The function f has domain -5 = x = 7 and is linear from Y4
(=5, 6) to (-3, =2) and from (=3, =2) to (7, 18).
The diagram shows a sketch of the function.

a Write down the range of f. (1 mark) (-5.6)
b Find fi(-3). (2 marks) \ /
N\ 1
(-3,-2

¢ Sketch the graph of y = |f(x)|, marking the points at
which the graph meets or cuts the axes. (3 marks)

The function g is defined by g: x = x? = 7x + 10.
d Solve the equation fg(x) = 2. (3 marks)
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2. Algebra and Functions

Answers

1 @ H=10
b r=13225-10(p - 11.5)°
A=13225.B=10,C=11.5
¢ Old revenue is 80 x £15 = £1200; new revenue is
£1322.50; difference is £122.50. The best selling
price of a cushion is £11.50.

2' 1(-1-V185)<x <} (-1 +/185)

3 a A‘(I—.B)z
b YA

0 3 =z
y=2x(x-3)?

¢ -4and -7
4

ar=3s-=

0
S P=l,Q=-3.R=;

1
2‘

b x(x+ 1)(x+3)

bl e

6a -2=fix)=18

c y‘h
18-
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3. Coordinate Geometry

3

Coordinate
geometry in
the (x,1) plane

3.1 Understand and use the To include the equation of a line
equation of a straight line, | through two given points, and the
including the forms equation of a line parallel (or
¥ — 1= m(x —x1) and perpendicular) to a given line through
ax+by +e=0; a given point.

. g i 1
Gradient conditions for m" = m for parallel lines and m'= - —
two straight lines to be m
parallel or perpendicular. for perpendicular lines
Be able to use straight line | For example, the line for converting
models in a variety of degrees Celsius to degrees
contexts. Fahrenheit, distance against time for

constant speed, etc.

3.2 Understand and use the Students should be able to find the

coordinate geometry of the
circle including using the
equation of a circle in the
form (x —a)*+(y—0)*=1"

Completing the square to
find the centre and radius
of a circle; use of the
following properties:

+ the angle in a semicircle is
a right angle

+ the perpendicular from the
centre to a chord bisects
the chord

+ the radius of a circle at a
given point on its
circumference is
perpendicular to the
tangent to the circle at that
point.

radius and the coordinates of the
centre of the circle given the equation
of the circle, and vice versa.

Students should also be familiar with
the equation x* + 3% + 2fx + 2gy +¢c=0

Students should be able to find the
equation of a circumcircle of a
triangle with given vertices using
these properties.

Students should be able to find the
equation of a tangent at a specified
point, using the perpendicular
property of tangent and radius.
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3. Coordinate Geometry

What students need to learn:

Content Guidance
3 3.3 Understand and use the For example: x = 3cost, y= 3sinf describes
Coordinate parametric equations of a circle centre O radius 3
eometry in curves and conversion x =2+ 5cost, y=—4+ 5smr describes a
9 Y between Cartesian and circle centre (2, —4) with radius 5
the (x, y) plane )
' parametric forms. 5
continued x=5 y= - describes the curve xy =25
25
(ory=—)
X

x = 5t, y = 3r desaribes the quadratic curve
25y =3x" and other familiar curves covered
in the specification.

Students should pay particular attention ta
the domain of the parameter ¢, as a specific
section of a curve may be described.

3.4 Use parametric equations in A shape may be modelled using
modelling in a variety of parametric equations or students may be
contexts. asked to find parametric equations for a
motion. For example, an object moves
with constant velocity from (1, 8) at
t=0to (6, 20) at r = 5. This may also be
tested in Paper 3, section 7 (kinematics).
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3. Coordinate Geometry

1 A is the point (=1, 5). Let (x, ) be any point on the line y = 3x.

3

¢ Find the equation of /, the perpendicular bisector

d Show that the two tangents and the perpendicular

e Calculate the area of the kite APRQ. (3 marks)

a Write an equation in terms of x for the distance between (x, y) and A(-1, 5). (3 marks)
b Find the coordinates of the two points, B and C, on the line y = 3x which are a distance

of V74 from (-1, 5). (3 marks)
¢ Find the equation of the line /; that is perpendicular to y = 3x and goes through the

point (-1, 5). (2 marks)
d Find the coordinates of the point of intersection between /; and y = 3x. (2 marks)
e Find the area of triangle ABC. (2 marks)

The scatter graph shows the oil production P and carbon dioxide emissions C for various years
since 1970. A line of best fit has been added to the scatter graph.

Oil production and carbon dioxide emissions

£ 35000 S
% = 30000 i%: HHEEH TR ’:
E g 2 13383
- E 25000 4 :
B T 20000-fHHHHHTHT + :: ¥
S o S - 3
S 2 15000 A
£ = o0 I
8 S(XX) b :; 3 1 E ':: 21; R as R i ot
0 et g e ety
0 500 1000 1500 2000 2500 3000 3500 4000 4500
Oil production (million tonnes)
a Use two points on the line to calculate its gradient. (1 mark)
b Formulate a linear model linking oil production P and carbon dioxide emissions C,
giving the relationship in the form C=aP + b. (2 marks)
¢ Interpret the value of « in your model. (1 mark)
d With reference to your value of b, comment on the validity of the model for small
values of P. (1 mark)

The circle C has a centre at (6, 9) and a radius of v50.
The line /, with equation x + y — 21 = 0 intersects the circle at the points P and Q.

a Find the coordinates of the point P and the N
point Q. (5 marks)

b Find the equations of /; and /;, the tangents at the A
points P and Q respectively. (4 marks) -

of the chord PQ. (4 marks)

bisector intersect and find the coordinates of R,
the point of intersection. (2 marks) /
70
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3. Coordinate Geometry
@ 4 Theline y = =3x + 12 meets the coordinate axes at 4 and B. '

a Find the coordinates of 4 and B.
b Find the coordinates of the midpoint of 4B.

¢ Find the equation of the circle that passes through 4, B and O, where O is the origin.

A mountaineer’s climb at time ¢ hours can be modelled with
the following parametric equations

x = 30001, y=24414-1), O<t<k
where x represents the distance travelled horizontally in
metres and y represents the height above sea level in metres.

a Find the height of the peak and the time at which the
mountaineer reaches it. (3 marks)

Given that the mountaineer completes her climb when
she gets back to sea level,

b find the horizontal distance from the beginning of

her climb to the end. (2 marks)
A BMX cyclist’s position on a ramp at time 4
t seconds can be modelled with the parametric 104
equations |

x=3-1), y=10t-172 0=sr<13 i
where x is the horizontal distance travelled in metres
and y is the height above ground level in metres.

a Find the initial height of the cyclist. .
b Find the time the cyclist is at her lowest height.
Given that after 1.3 seconds, the cyclist is at the end

—

“y

of the ramp,
¢ find the height at which the cyclist leaves the ramp.
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3. Coordinate Geometry

Answers

d=y10x* - 28x + 26
B(-% %) and (4, 12)

14
3

- -

|

y=—%_1‘+

(3.2
20.8

gradient = 10

C = 10P - 9000

¢  When the oil production increases by 1 million
tonnes, the carbon dioxide emissions increase by
10 million tonnes.

d The model is not valid for small values of P, as

it is not possible to have a negative amount of

carbon dioxide emissions. It is always dangerous to

extrapolate beyond the range on the model in this

way.

o=

P(5, 16) and (X13, 8)
lpy=1x+1 and l; y = Tx - 83

L: =X+ 3

All 3 equations have solution x = %, y =
so (%, %)

an e

L)
--lh_.

4 a (4,0),012)
b (2.6)
e (x-2)0+(y-6)=40

5 a4 976m, 2 hours b 600m

6 a 10m b 1 second
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4. Sequences And Series

What students need to learn:

4 4.1 Understand and use the Use of Pascal’s triangle.
Sequences {h;'m!jﬂ ::fa::::m:f Relation between binomial
and series p coefficients.
integer m; the notations !
and “C_ link to binomial Also be aware of alternative notations
probabilities. "
such as and "¢
r
Considered further in Paper 3
Section 4.1.
Extend to any rational », May be used with the expansion of
including its use for ratienal functions by decomposition into
approximation; be aware that | partial fractions
the expansion is valid for
xpa s May be asked to comment on the range of
‘EEI < 1 (proof not required) | valldity.
£
4 4.2 Work with sequences
including those given by a
Sequen,:es formula for the »n th term and
and series ;
those generated by a simple
continued relation of the form
Xn=1=fxn);
increasipg sequences, For example u_ = describes a
decreasing sequences; T 3m41
periodic sequences. decreasing sequence as t,-1< i, for all
integer n
iy = 2" is an increasing sequence as n+1>
uy for all integer n
ty+1=_1 forn > 1and uy =3 describes a
Uy
periodic sequence of order 2
4.3 Understand and use sigma L
notation for sums of series. Knowledge that 21:1 =n Is expected
4.4 Understand and work with The proof of the sum formula for an
arithmetic sequences and arithmetic sequence should be known
series, including the formulae | including the formula for the sum of the
for nth term and the sum to n | first » natural numbers.
terms
4.5 Understand and work with The proof of the sum formula should be
geometric sequences and known.
series, including the formulae Given the sum of a series students should
for the nth term and the sum
) . X be able to use logs to find the value of n.
of a finite geometric series;
the sum to infinity of a The sum to infinity may be expressed
convergent geometric series, | as S=
including the use of || < 1;
modulus notation
4.6 Use sequences and series in Examples could include amounts paid into

modelling.

saving schemes, increasing by the same
amount (arithmetic) or by the same
percentage (geometric) or could include
other series defined by a formula or a
relation.




4. Sequences And Series

@ 1 a Expand (1 + 2x)'? in ascending powers of x up to and including the term in x3,

simplifying each coefficient. (4 marks)
b By substituting a suitable value for x, which must be stated, into your answer to

part a, calculate an approximate value of 1.02'2. (3 marks)
¢ Use your calculator, writing down all the digits in your display, to find a more exact

value of 1.02'2, (1 mark)
d Calculate, to 3 significant figures, the percentage error of the approximation found

in part b. (1 mark)

2 a Find the first three terms, in ascending powers of x of the binomial expansion of
(2 + px)’, where p is a constant. (2 marks)

The first 3 terms are 128, 2240x and ¢x?, where ¢ is a constant.
b Find the value of p and the value of ¢. (4 marks)

3 The fourth term of an arithmetic series is 3k, where k is a constant, and the sum of the first six
terms of the series is 7k + 9.

a Show that the first term of the series is 9 - 8k. (3 marks)
b Find an expression for the common difference of the series in terms of &. (2 marks)
Given that the seventh term of the series is 12, calculate:

¢ the value of k (2 marks)
d the sum of the first 20 terms of the series. (2 marks)

4 The adult population of a town is 25000 at the beginning of 2012.
A model predicts that the adult population of the town will increase by 2% each year,
forming a geometric sequence.

a Show that the predicted population at the beginning of 2014 is 26 010. (1 mark)
The model predicts that after n years, the population will first exceed 50 000.

log2
b Show that n > logl.02 (3 marks)
¢ Find the year in which the population first exceeds 50 000. (2 marks)

d Every member of the adult population is modelled to visit the doctor once per year.
Calculate the number of appointments the doctor has from the beginning of 2012
to the end of 2019. (4 marks)

e Give a reason why this model for doctors’ appointments may not be appropriate. (1 mark)
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4. Sequences And Series

5 a Use the binomial theorem to expand (4 + x)*, |x| < 4, in ascending powers of x,
up to and including the x* term, giving each answer as a simplified fraction. (5 marks)

b Use your expansion, together with a suitable value of x, to obtain an approximation

5
to VT' Give your answer to 4 decimal places. (3 marks)

12x+5

N - o |
6 0= 2 M <3

Dy
For x = —i. (ll“: Z\i =1 f ki +B4'\_)3. where 4 and B are constants.

a Find the values of 4 and B. (3 marks)

b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x,
up to and including the term x2, simplifying each term. (6 marks)
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4. Sequences And Series

Answers

1a 1+24x+ 2642 + 17602 b 1.268 16
¢ 1.268241795 d 0.006 45% (3 sf)

2 a 128 +448px + 672p'x*
b p=5,9g=16800

3a a+3d=3k32a+5d) =Tk +9 =
ba+15d=7k+9

6a+ |5(1k§'l)=7k+o
6a+ 15k -5a=Tk+9=a=9-8k

1'k3'° ¢ 1.5 d 415

4 a 25000 x 1.022 = 26010
b 25000 x 1.02" > 50000

1.02"> 2 = nlog1.02 > log 2 log 2
02">2=nlogl.02>log2 =n> log 1,02
2047

¢

d 214574

e People may visit the doctor more frequently than
once a year, some may not visit at all, depends on
state of health

5

a b 0.6914

1
2 16 256 2048

6a A=3andB=2 b 5-28x+ 144x°
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5. Trigonometry

What students need to learn:

5

Trigonometry

5.1 Understand and use the Use of x and y coordinates of points
definitions of sine, cosine on the unit circle to give cosine and
and tangent for all sine respectively,
arguments;
the sine and cosine rules; including the ambiguous case of the
the area of a triangle in the sine rule.

1
form Eab sinl’
Work with radian measure, Use of the formulae s =& and
including use for arc length A= |?,zﬁ, for arc lengths and areas of
and area of sector. i
sectors of a circle.

5.2 Understand and use the Students should be able to approximate,

standard small angle cos3x-1 ) 1]
. ) . . ———— whenxis small, to —_
approximations of sine, cosine yeindy
and tangent
sin & = &,
El
cosf =l-—. tand =&
Where & is in radians.

5.3 Understand and use the Knowledge of graphs of curves with
sine, cosine and tangent equations such as y = sinx,
functions; their graphs, ¥ =cos{x + 307, y=tanly is expected.
symmetries and
periodicity.

Know and use exact values of
sin and cos for
DIEJEJ EJ E?ﬂ- and
6 4" 3 2
multiples thereof, and exact
values of tan for
a T T T
rT _r T 8 T2 Hand
6 4 3 2
multiples thereof.
5.4 Understand and use the Angles measured in both degrees and

definitions of secant, cosecant
and cotangent and of arcsin,
arccos and arctan; their
relationships to sine, cosine
and tangent; understanding of
their graphs; their ranges and
domains.

radians.
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5. Trigonometry

What students need to learn:

5
Trigonometry

continued

Content

5.5 Understand and use
sin &
tan & =

cos @
Understand and use
sin’f +cos’ & =1
sec =1+ tan” §and

cosec@= 1+ cot* &

Guidance

These identities may be used to solve
trigonometric equations and angles
may be in degrees or radians. They
may also be used to prove further
identities.

5.6 Understand and use double

angle formulaes; use of
formulae for sin (4 £ B),

understand geometrical
proofs of these formulae.

Understand and use
expressions for
acos 0+ bsind in the

equivalent forms of

cos (4 = B), and tan (4 £ B),

reos(ffalorrsin(fta)

To include application to half angles.

Knowledge of the tacu%e] formulae will not
be required.

Students should be able to solve
equations such asacos 8+ bsin & =cin
a given interval.

5.7 Solve simple trigonometric

equations in a given
interval, including

unknown angle.

quadratic equations in sin,
cos and tan and equations
involving multiples of the

Students should be able to solve
equations such as

sin (x + 709) = 0.5 for 0 < x < 3607,
3+5cos2y=1for —180° < x < 180~
6eoslx+sinxy—35=0,0<x< 360°

These may be in degrees or radians and
this will be specified in the question.

5.8 Construct proofs involving
trigonometric functions and

identities.

Students need to prove identities such as
C0s X cos 2y + sin ¥ sin 2x = cos x.

5.9 Use trigonometric functions to
solve problems in context,
including problems involving

vectors, kinematics and
forces.

Problems could involve (for example)
wave motion, the height of a point on a
vertical circular wheel, or the hours of
sunlight throughout the year. Angles may
be measured in degrees or in radians.
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5. Trigonometry

@ 1 A parkis in the shape of a triangle ABC as shown. I:
A park keeper walks due north from his hut at A4 until he
reaches point B. He then walks on a bearing of 110° to point C. g0
a Find how far he is from his hut when at point C. 1.4km
Give your answer in km to 3 s.f. (3 marks)
b Work out the bearing of the hut from point C. 1.2km C
Give your answer to the nearest degree. (3 marks)
¢ Work out the area of the park. (3 marks)
A
@ 2 Find, in degrees, the values of #in the interval 0 = # =< 360° for which
2cos?f-cosf-1=sin2¥
Give your answers to 1 decimal place, where appropriate. (6 marks)
@ 3 a Express4sinf - cos (% - ()) as a single trigonometric function. (1 mark)
b Hence solve 4sinfl — cos(% - ()) = | in the interval 0 < 6 < 27. Give your answers to
3 significant figures. = (3 marks)

a Given that sec x + tan x = -3, use the identity | + tan® x = sec® x to find the value

of sec.x — tan x. (3 marks)
b Deduce the values of:

i secx ii tanx (3 marks)
¢ Hence solve, in the interval =180° = x = 180°, sec x + tan x = -3. (3 marks)
Prove that 1;2—025020 = tané. (4 marks)
Verify that @ = 180° is a solution of the equation sin 20 = 2 — 2 cos 26. (1 mark)

Using the result in part a, or otherwise, find the two other solutions, 0 < # < 360°,
of the equation sin 20 = 2 — 2 cos 26. (3 marks)

Express 1.4sin# - 5.6 cos # in the form Rsin (f - a), where R and a are constants,

R>0and 0 <a <90° Round R and a to 3 decimal places. (4 marks)
Hence find the maximum value of 1.4sin# — 5.6 cos # and the smallest positive value
of @ for which this maximum occurs. (3 marks)
The length of daylight, d(r) at a location in northern Scotland can be modelled using the equation
3607\° : 3601) g
= {¥ L) O
d(r)=12 5.6cos( 365 + l.4sm( 365

where 7 is the numbers of days into the year.

c

d

Calculate the minimum number of daylight hours in northern Scotland as given by
this model. (2 marks)

Find the value of 7 when this minimum number of daylight hours occurs. (1 mark)



5. Trigonometry

Answers
1 a 1.50km b 241° ¢ 0.789km?
2 131.8°, 228.2°

6

a 3singd b 0.340, 2.80
1 5 e A4 i o
a —y bi =1 c 126.9
a Usecos20=1-2sin?f and sin 28 = 2sin# cos A,

b sin360°=0,2-2cos(360°)=2-2=10
¢ 26.6° 206.6°

a R=5772,a=75964" b 5.772 when # = 166.0°
¢ 6.228 hours d 350.8 days

Page |24



6. Exponentials and Logarithms

What students need to learn:

6

Exponentials
and
logarithms

6

Exponentials
and
logarithms

continued

6.1 Know and use the function | Understand the difference in shape
" and its graph, where a betweena <1and a =1
is positive.

Know and use the function | To include the graph of y =™~ bye
e’ and its graph.

6.2 Know that the gradient of Realise that when the rate of change
e'h' is equal to keh and is pruportt.lolnal :10 Ithi:._v \;rlllajll;.e,r an J
hence understand why the exponential model shou € used.
exponential model is
suitable in many
applications.

6.3 Know and use the a=1
definition of logz x as the
inverse of a*, where a is
positive and x = 0.

Know and use the function

In x and its graph.

Know and use In x as the Solution of equations of the form

inverse function of & e™*b=p and In (ax+b) =g is
expected.

6.4 Understand and use the _
laws of logarithms: Includes logaa = 1
loga x +loga y = loga (x1)

x
loggx —logay = ]ugn{—]
k <logax =logax*
(including, for example,

1
=-land k=-—)
2

6.5 Solve equations of the Students may use the change of base
form a*=h formula. Questions may be of the

form, e.g. 2" 1=3

6.6 Use logarithmic graphs to Plot log v against log x and obtain a
estimate parameters in straight line where the intercept is
relationships of the form log a and the gradient is »
y=ax" and y=kb, given Plot log v against x and obtain a
data for x and y straight line where the intercept is

log & and the gradient is log b
6.7 Understand and use Students may be asked to find the

exponential growth and
decay; use in modelling
(examples may include the
use of e in continuous
compound interest,
radioactive decay, drug
concentration decay,
exponential growth as a
model for population
growth); consideration of
limitations and
refinements of exponential
models.

constants used in a model.

They need to be familiar with terms
such as initial, meaning when ¢=0.

They may need to explore the
behaviour for large values of 7 or to
consider whether the range of values
predicted is appropriate.

Consideration of a second improved
model may be required.
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6. Exponentials and Logarithms

@ 1 The points P and Q lie on the curve with equation y = e:*.
The x-coordinates of P and Q are In4 and In 16 respectively.

a Find an equation for the line PQ.
b Show that this line passes through the origin O.
¢ Calculate the length, to 3 significant figures, of the line segment PQ.

@ 2 he total number of views (in millions) ¥ of a viral video in x days is modelled by
V= e0dx _ |
a Find the total number of views after 5 days, giving your answer to 2 significant figures.
dv

b Find d_\

@ The moment magnitude scale is used by seismologists to express the sizes of earthquakes.
The scale is calculated using the formula

M =3log,(S) - 10.7
where S is the seismic moment in dyne cm.
a Find the magnitude of an earthquake with a seismic moment of 2.24 x 10>*dyne cm.

b Find the seismic moment of an earthquake with
i magnitude 6 ii magnitude 7

¢ Using your answers to part b or otherwise, show that an earthquake of magnitude 7 is
approximately 32 times as powerful as an earthquake of magnitude 6.

4 A student is asked to solve the equation
log, x - %logz(.\' +1)=1

The student’s attempt is shown

logox —logoyx +1 =1
X=yx+1=2
X=2=Vx+1
(x=2P=x+1
x*=-5x+3=0
"_=5+\13 _‘_=5—\E
2 2

a Identify the error made by the student. (1 mark)
b Solve the equation correctly. (3 marks)
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6. Exponentials and Logarithms

S The population, P, of a colony of endangered Caledonian owlet-nightjars can be modelled
by the equation P = ab’ where a and b are constants and ¢ is the time, in months, since the
population was first recorded.

log, Pa

(20,2.2)
(0.2) //

Figure 2

The line / shown in figure 2 shows the relationship between 7 and log,,P for the population over

a period of 20 years.

a Write down an equation of line /.

b Work out the value of ¢ and interpret this value in the context of the model.
¢ Work out the value of b, giving your answer correct to 3 decimal places.

d Find the population predicted by the model when 7 = 30.

@ 6 The graph of the function f(x) =3e™ -1,
x € R, has an asymptote y = k, and
crosses the x and y axes at 4 and B
respectively, as shown in the diagram.

VA

a Write down the value of k and the
y-coordinate of A. (2 marks)

b Find the exact value of the
x-coordinate of B, giving your answer
as simply as possible. (2 marks)
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6. Exponentials and Logarithms

Answers

2
a y= x
¥ 1In 4
b (0, 0) satisfies the equation of the line.
c 243

au au

6.4 million views

dV _ 0.4e04
dx

-

9.42 x 10" new views per day
This is too big, so the model is not valid after
100 days
a 4.2
b i 1.12x 10*dynecm
ii 3.55 x 10*dynecm
¢ dividebiibybi
a They exponentiated the two terms on LHS
separately rather than combining them first.

(- "]

b xr=2+2/2
a log, ,P=001¢+ 2
b 100, initial population
c 1.023
d Accept answers from 195 to 200

k=-1,A(D, 2)
In3

=8
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7. Differentiation

What students need to learn:

Content

Guidance

7 7.1 :jjnd_err;_tand fail.m use :Ihe Know that d—l is the rate of change of
Differentiation erivative of f(x) as the dx
gradient of the tangent to | y with respect to x.
the graph of y=1(x) ata .
general point (x, y); the The noti_ltml] f'(x) ma:' be used for the
gradient of the tangent as first derivative Ell‘ll:-i f c;x) may be used
a limit; interpretation as a for the second derivative.
rate of change
sketching the gradient Given for example the graph of
function for a given curve | y =f (x), sketch the graph of y =1 '(x)
using given axes and scale. This could
relate speed and acceleration for
example.
second derivatives
differentiation from first For example, students should be able
principles for small to use, for n =2 and n = 3, the
positive integer powers of | gradient expression
x and for smx and cosx . . "
lim [ (x+m)"—x
h—0 h
Students may use & or /it
7 7.1 | Understand and use the Use the condition £"(x) > 0 implies a
Differentiation | cont second derivative as the minimum and £"(x) < 0 implies a
i " | rate of change of gradient; | maximum for points where f'(x) =0
contini connecti convex
S aad Know that at an inflection point
concave sections of curves £7(x) changes sign
and points of inflection. X
Consider cases where £"(x) = 0 and
£'(x) = 0 where the point may be 3
minimum, a maximum or a point of
inflaction (e.g. y =x*, n > 2)
7.2 Differentiate _\.l’ for For example, the ability to
rational values of n, and differentiate expressions such as
related constant multiples, 43655
sums and differences. x+5x-Hand —5, x>0,
4x?
is expected.
Differentiate ¢™ and a~, Knowledge and use of the result
sin kx, cos kx, tan kx and LIy -
d Y e = ka” In a is expected.
redated sums, differences and &(a )
constant multiples.
Understand and use the
derivative of lnx
7.3 Apply differentiation to Use of differentiation to find
find gradients, tangents equations of tangents and normals at
and normals specific points on a curve,
maxima and minima and To include applications to curve
stationary points. sketching. Maxima and minima
inflect problems may be set in the context of
pm i a practical problem.
Identify where functions To include applications to curve
are increasing or sketching.
decreasing.
7.4 | Differentiate using the Differentiation of cosec x, cot x and sec x
product rule, the quotient rule | and differentiation of arcsin x, arcos x, and

and the chain rule, induding
problems involving connected
rates of change and inverse
functions.

arctan x are required, Skill will be expactad
in the differentiation of functions generated
from standard forms using products,
quotients and composition, such as

5z
Wisiny, £, cos’x and tan? 2x,
x




7. Differentiation

1 A curve has equation y = % = x + 3x%, x > 0. Find the equations of the tangent and the

normal to the curve at the point where x = 2.

@ 2 The total surface area, A cm?, of a cylinder with a fixed volume of 1000 cm? is given

2000
by the formula 4 = 2mx? + "T where xcm is the radius. Show that when the rate
500

of change of the area with respect to the radius is zero, x* =
™

3 Given that a curve has equation y = cos’ x + sin x, 0 < x < 27, find the coordinates
of the stationary points of the curve. (6 marks)

4 The diagram shows the curve C with parametric VA
equations

x=asin’t, y=acost, 0<(<3w
where « is a positive constant. The point P lies
. 3 )
on C and has coordinates (3a, %a)

dy
a Find R giving your answer in terms of 7. (4 marks) P

b Find an equation of the tangent to C at P. (4 marks)

~Y

0 B
The tangent to C at P cuts the coordinate axes
at points 4 and B.

¢ Show that the triangle AOB has area ka® where k is a constant to be found. (2 marks)

5 A curve has equation 7x? + 48xy — 7y2 + 75 = 0. A and B are two distinct points on the curve
and at each of these points the gradient of the curve is equal to 77. Use implicit differentiation
to show that the straight line passing through A and B has equation x + 2y = 0. (6 marks)

6 The curve C with equation y = f(x) is shown in the diagram, where fix) = CD:\.Z':. O0=x=nm

Vi

-y

The curve has a local minimum at 4 and a local maximum at B.
a Show that the x-coordinates of A and B satisfy the

equation tan 2x = —0.5 and hence find the coordinates of A and B. (6 marks)
b Using your answer to part a, find the coordinates of the maximum and minimum
turning points on the curve with equation y = 2 + 4f(x = 4). (3 marks)

¢ Determine the values of x for which f(x) is concave. (5 marks)



7. Differentiation

Answers
1 y=9r-4and9y+x=128
T 5 (57 5\ (3
3 (&3 G (E9 G

4 a —%secl b 4y + 4x=5a

(%]

Tangent crosses the x-axis at x = ~a, and crosses
14
the y-axis aty = %a

So area AOB = %(%a) -

-

(5]

n

5

~.k=3

|

2
327

~N

dy dy dy -7x-24y

14x + 48y + 48x— - M4y—2 =0= S =_""°1

S N N T YT T T 2ar -7y
"-71-245;_2
24x-T7y 11
=48r- 14y =x+2y=0

= -77x - 264y

6 a fx)=- 2 sinZ.t;: cos 2x
'(x) =0 < 2sin2x + cos2x =0 « tan 2x = -0.5
A(1.34, -0.234), B(2.91, 0.0487)
b Maximum (6.91, 2.19); minimum (5.34, 1.06) 1o 3 s.1.
¢c D<x=0322,189=x<x
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8. Integration

What students need to learn:

Guidance

Integration
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8.1 Know and use the Integration as the reverse process of
Fundamental Theorem of differentiation. Students should know
Calculus that for indefinite integrals a constant

of integration is required.

8.2 Integrate x" (excluding For example, the ability to integrate
n =-1) and related sums, } 1.2 1
differences and constant expressions such as 3 X — 3x 2 and
multiples. (x+ 2)1

— 1  is expected.
x?
Given f'(x) and a point on the curve,
Students should be able to find an
equation of the curve in the form
y=1).
Integrate ekx’ i . sinkx, To include integration of standard functions
X such as sin 3x, sec” 2x, tan x, ej",i_
cos kx and related sums, 2x
dlffe_rences and constant Students are expected to be able to use
multiples. trigonometric identities to integrate, for
example, sin® x, tan® x, cos® 3x.

8.3 Evaluate definite integrals; | Students will be expected to be able to
use a definite integral to evaluate the area of a region bounded by
find the area under a curve | a curve and given straight lines, or
and the area between two between two curves. This includes curves
curves defined parametrically.

For example, find the finite area bounded
by the curve y = 6x —x? and the line y=2x
Or find the finite area bounded by the
curve ¥y =17 — 5x + 6 and the curve
p=4 -5

8.4 Understand and use

integration as the limit of a
sum.

b
Recognise rf(x) dy = !m‘l] Zf(x) 5%




8. Integration

What students need to learn:

l Guidance

Content

8.5 Carry out simple cases of Students should recognise integrais of the
integration by substitution o J‘ £ 4 = 1o fix)+c.
and integration by parts; fix)
understand these methods as
the inverse processes of the | The integral [lnxdx is required
chain and product rules ’
respectively Integration by substitution includes finding

5 3w a suitable substitution and is limited to
{Integration by substitution cases where one substitution will lead to a
includes finding a suitable | gynction which can be integrated;
substitution and is '"“'.md 0 | integration by parts includes more than
cases where one subsbtu_tnon one application of the methed but
will lead to a function which excludes reduction formulae.
can be integrated; integration
by parts includes more than
one application of the method
but excludes reduction
formulae.)

8.6 Integrate using partial Integration of rational expressions such as
fractions that are linear in the | those ansing from partial fractions,
denominator. 2

e.g.
3x+35
Note that the integration of other rational
expressions, such as :x and 2
x*+5 @x-n?
15 also required (see previous paragraph).

8.7 Evaluate the analytical Students may be asked to sketch
solution of simple first order members of the family of solution curves.
differential equations with
separable variables, induding
finding particular solutions
(Separation of variables may
require factorisation involving
a common factor.)

8.8 Interpret the solution of a The validity of the solution for large values
differential equation in the should be considered.
context of solving a problem,
including identifying
limitations of the solution;

includes links to kinematics.
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EP 1

@2

® 3

EP) 4

8. Integration

The diagram shows part of the curve with equation
y=p+ 10x - x%, where p is a constant, and part

of the line / with equation y = gx + 25, where ¢ is a
constant. The line / cuts the curve at the points A4
and B. The x-coordinates of 4 and Bare4 and 8
respectively. The line through A parallel to the x-axis
intersects the curve again at the point C.

a Show that p = -7 and calculate the value of ¢. (3 marks)
b Calculate the coordinates of C. (2 marks)

¢ The shaded region in the diagram is bounded by
the curve and the line segment AC. Using integration
and showing all your working, calculate the area of the
shaded region. (6 marks)

Using the substitution > = x + 1, where x > -1,

X
a find f TS dx.

E
b Hence evaluate f
O Vx + |

dx.

a Use integration by parts to find f.\' sin 8x d.x.

4

(0]

2

b Use your answer to part a to find f.\'z cos 8x dux.
5x2 = 8x + 1
i) m————
) = = 1)
; A B C
a Given that f(x) = o - ey - -1 find the values of the constants A, Band C.

b Hence find ff(.\')d.\'.

¢ Hence show that Lof(.\') dx =In(¥) - 2%
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(2 marks)

(4 marks)
(4 marks)
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(4 marks)
(4 marks)



8. Integration

5 The diagram shows a sketch of the curve y = f(x), 4
where f(x) = tx2Inx - x + 2, x > 0.
The region R, shown in the diagram, is bounded by the
curve, the x-axis and the lines with equations x = 1

and x =4.
The table below shows the corresponding values of x and |
y with the y values given to 4 decimal places as appropriate. o
x 1 1.5 2 3 3 35 4
¥ 1 0.6825 | 0.5545 | 0.6454 1.5693 | 2.4361
a Complete the table with the missing value of y. (1 mark)
b Use the trapezium rule, with all the values of y in the table, to obtain an estimate for
the area of R, giving your answer to 3 decimal places. (3 marks)
¢ Explain how the trapezium rule could be used to obtain a more accurate estimate for
the area of R. (1 mark)
d Show that the exact area of R can be written in the form % + -:7 Ine, wherea, b, ¢, d
and e are integers. (6 marks)
e Find the percentage error in the answer in part b. (2 marks)

6 An oil spill is modelled as a circular disc with radius » km and area 4 km?. The rate of increase
of the area of the oil spill, in km?day at time ¢ days after it occurs is modelled as:

dA4 , g
3 _ksm( 7r).Osrslz
Show that & = -X_gin (L 2 mark
a owtatd’-zmsm(h) (2 marks)

Given that the radius of the spill at time 7 = 0 is | km, and the radius of the spill at time
t=m?is 2km:
b find an expression for »? in terms of ¢ (7 marks)

¢ find the time, in days and hours to the nearest hour, after which the radius of the spill
is 1.5km. (3 marks)
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8. Integration

Answers

s g=-2 b C(6,17) c 1}
a x-2nx+1l+c b 5

a -;xcos8x+ Lsin8x+c

b (x?sin8x + J5x cos8x - ;L sin8x + ¢

a A=1B=2,C=-1

b ._1,In|x|+21n|x-l|+xl s

-1

c f‘qﬂxld.r:[%lnhhzmlx-ll«rxllll:
=(%ln()-rZln8+%)—(%ln4+zln‘3+%)
=(In‘3+ln64+%)—(In2+|n‘)+%)
=In ‘%xx—(:)i)-—lq—:ln(ig)-——

a 09775 b 3.074

¢ Use more values, use smaller intervals. The lines
would then more closely follow the curve.

d fl.(-‘l;.rz)lnx - X+ 2dx

4

= |-Lay LEER P
l"x nx - 451 2%+

_ (64, ,_ 64 2 (e -29 9_'1

= '4 )(452 )10 Gk
o 2.0%

‘A A::rrz—:'ﬁ=2rr T
dr

dr _dr dA_ 1

i T R T __} z:r "{5}
b F:—ﬁ{:us[_—1+? ¢ 6 days, 5 hours

_ Ax -

Page |36



9. Numerical Methods

What students need to learn:

Content

Guidance

Locate roots of £(x) =0 by

considering changes of sign of
f(x)in an interval of x on
which f(x)is sufficiently well

behavad.

Understand how change of
sign methods can fail.

Students should know that sign change is
appropriate for continuous functions in a
small interval.

When the interval is too large sign may
not change as there may be an even
number of roots.

If the function is not continuous, sign may
change but there may be an asymptote
(not a root).

Solve equations approximately
using simple iterative
methods; be able to draw
associated cobweb and
staircase diagrams.

Understand that many mathematical
problems cannot be solved analytically,
but numerical methods permit solution to
a required level of accuracy.

Use an iteration of the form xz+1=f (x1) to
find a root of the equation x =f (x) and
show understanding of the convergence in
geometrical terms by drawing cobweb and
staircase diagrams.

Solve equations using the
Mewton-Raphson method and
other recurrence relations of
the form

Xwe1= ()

Understand how such
methods can fail.

For the Newton-Raphson method,
students should understand its working in
geometrical terms, so that they
understand its failure near to points where
the aradient is small.

Understand and use
numerical integration of
functions, including the use of
the trapezium rule and
estimating the approximate
area under a curve and limits
that it must lie between.

1
For example, evaluate '[ L2241 dx
0

using the values Df1|l'(2x +1) atx=0,
0.25, 05, 0.75 and 1 and use a sketch on
a given graph to detarmine whether the
trapezium rule gives an over-estimate or
an under-estimate.

9 9.1

Numerical

methods
9.2
9.2
9.3
9.4

Use numerical methods to
solve problems in context.

Iterations may be suggested for the
solution of equations not soluble by
analytic means.
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1 flx)=x'-6x-2

9. Numerical Methods

a Show that the equation f(x) = 0 can be written in the form x = +|a + -’\1 and state the values
of the integers a and b. (2 marks)

f(x) = 0 has one positive root, a.

: . ‘ b ; ;
The iterative formula x, , , = ja+x %= 2 is used to find an approximate value for a.
“*n

b Calculate the values of x,, x,, x; and x;, to 4 decimal places. (3 marks)
¢ By choosing a suitable interval, show that o = 2.602 is correct to 3 decimal places. (3 marks)

2' g(x)=x2-3x-5

a Show that the equation g(x) = 0 can be written as x = v3x + 5. (1 mark)
b Sketch on the same axes the graphs of y = xand y = v3x + 5. (2 marks)
¢ Use your diagram to explain why the iterative formula x, ., = /3x, + 5 converges
to a root of g(x) when x,= 1. (1 mark)
x2-5
g(x) = 0 can also be rearranged to form the iterative formula x, , , = 5
d With reference to a diagram, explain why this iterative formula diverges when x, = 7.
(3 marks)
3 gx)=x}-Tx2+2x+4
a Find g'(x). (2 marks)

A root « of the equation g(x) = 0 lies in the interval [6.5, 6.7].

b Taking 6.6 as a first approximation to a, apply the Newton-Raphson process once
to g(x) to obtain a second approximation to a. Give your answer to 3 decimal places.

(4 marks)
¢ Given that g(1) = 0, find the exact value of the other two roots of g(x). (3 marks)
d Calculate the percentage error of your answer in part b. (2 marks)
fx) = "% - 3 _12.\_. X %

a Show that the equation f(x) = 0 can be written as x = 1.5 — 0.5¢"%+, (3 marks)
b Use the iterative formula x,, ; = 1.5 = 0.5¢""*% with x, = 1.3 to obtain x|, x, and x;.

Hence write down one root of f(x) = 0 correct to 3 decimal places. (2 marks)
¢ Show that the equation f(x) = 0 can be written in the form x = pIn (3 - 2x),

stating the value of p. (3 marks)

d Use the iterative formula x,,, , = pIn(3 - 2x,) with x, = =2.6 and the value of p found in
part ¢ to obtain x,, x, and x;. Hence write down a second root of f(x) = 0 correct to

2 decimal places. (2 marks)

Page |38



9. Numerical Methods

The diagram shows part of the curve with equation VA
v = f(x), where f(x) = cos (4x) - %\
a Show that the curve has a root in the interval [1.3, 1.4].

1R V= flx)
(2 marks)

b Use differentiation to find the coordinates of A C D
point B. Write each coordinate correct to
3 decimal places. (3 marks) 14

: " 3 1
¢ Using the iterative formula x,,, , = Zarccos(;.\',,). B

with x;, = 0.4, find the values of x,, x,, x; and x;.
Give your answers to 4 decimal places. (3 marks)

Using x, = 1.7 as a first approximation to the root at D, apply the Newton-Raphson
procedure once to f(x) to find a second approximation to the root, giving your answer (o

3 decimal places. (4 marks)
By considering the change of sign of f(x) over an appropriate interval, show that the answer

to part d is accurate to 3 decimal places. (2 marks)
On the same axes, sketch the graphs of y = % and y=x+ 3. (2 marks)
Write down the number of roots of the equation % =x+3. (1 mark)

g oy & 3 ;
Show that the positive root of the equation = x + 3 lies in the interval

(0.30, 0.31). (2 marks)
Show that the equation —:— = x + 3 may be written in the form x> + 3x - 1 = 0. (2 marks)
Use the quadratic formula to find the positive root of the equation x>+ 3x -1 =0

to 3 decimal places. (2 marks)
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9. Numerical Methods

Answers

1 a x-6x-2=0=x"=6x+2

—:»x‘:()+§—>x=z\()+§;a:().b=2

b x,=26458.x, = 2.5992,x, = 2.6018.x, = 2.6017

¢ f12.6015)=12.6015)* - 6(2.6015) - 2 = - 0.0025... < 0
f12.6025) = 12.6025)° - 612.6025) - 2 =0.0117 >0
There is a sign change in the interval
2.6015 < x < 2.6025, so this implies there is a root
in the interval.

2 a gix)=0=x2-3x-5=0
_;ux::lzﬂx-"ﬁ—"'-.r:ﬁﬁ:"'i

0 7 X

Page |40



9. Numerical Methods

3 & glx)=3r"-14x+2 b 6.606 o
¢ (x-1IN¥-6x-4)=x-6x-4=0=2=32v13
d 0.007%

= (3 2. 21')(?0‘“ = l = 3 o 21'= e-u!u
% 3-8 =2y x=1.5-0.5e-0%

b x =1.32327...,x,=1.32653..., x, = 1.32698...,
root = 1.327 (3 d.p.)

4 a e _ 1 _0=(3-21)e"%-1=0
3-2x

0. 1 = onr - 1 B = i
¢ e"‘—g_yr-O::e'“-g_m’:o3-Zx-e o
=-08x=Inl3 -2x) = x=-1.25In(3 - 2x)
p=—1.25

d x,=-2.6302, x,=-2.6393, x, = -2.6421,
root = -2.64 (2 d.p.)

g & f(1.3) =-0.18148..., f{1.4) =0.07556..... There is a
sign change in the interval [1.3, 1.4], so there is a

root in this interval.

(0.817, -1.401)

xy=0.3424, x, = 0.3497, x5 = 0.3488, x, = 0.3489

x,=1708

f{1.7075) = 0.000435...., {1.7085) = -0.002151....

There is a sign change in the interval [1.7075,

1.7085], so there is a root in this interval.

L - T -

6 a ya y=x+3 b 2

<

& _ 1 i a1
-x+3=:-0-x+3-?.letﬂx)-x+3-x

f10.30) = -0.0333...< 0, 10.31) = 0.0841... > 0.
Sign change implies root.

|-

d —}=1+3=>l=x3+3x=>0=x2+3x-1
e 0.303
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10. Vectors

What students need to learn:

Content

Guidance

10 10.1 | Use vectors in two Students should be familiar with
Vectors dimensions and in three column vectors and with the use of i
dimensions and j unit vectors in two dimensions
and i, j and k unit vectors in three
dimensicns.

10.2 | Calculate the magnitude Students should be able to find a unit
and direction of a vector vector in the direction of a, and be
and convert between familiar with the notation|a|.
component form and
magnitude/direction form.

10.3 | Add vectors The triangle and parallelogram laws
diagrammatically and of addition.
perform the algebraic

. Parallel vectors.
operations of vector
addition and multiplication
by scalars, and understand
their geometrical
interpretations.

10.4 Und.e_rstand and use Cﬁ—ﬁi:fﬁ':h—a
position vectors; calculate
the distance between two | The distance d between two points
points represented by L.
position vectors. -3 and (v, . y,) is given by

d'l'.:[_\.l_xz}l_'_ 0.1 _J.I)I
10 10.5 | Use vectors to solve For example, finding position vector
Vectors problems in pure of the fourth corner of a shape
mathematics and in (e.g. parallelogram) ABCD with three
context, (including given position vectors for the corners
forces). A, Band C.
Or use of ratio theorem to find
position vector of a point C dividing
AB in a given ratio.
Contexts such as velocity,
displacement, kinematics and forces
will be covered in Paper 3, Sections
6.1, 7.3 and 8.1 - 8.4

Page |42




1

) 4

10. Vectors
The resultant of the vectors a = 4i — 3j and b = 2pi — pj is parallel to the vector
¢ = 2i - 3j. Find:
a the value of p (3 marks)

b the resultant of vectors a and b. (1 mark)

Two forces, F, and F,, are given by the vectors F, = (4i — 5j) N and F, = (pi + ¢j) N.
The resultant force, R = F, + F, acts in a direction which is parallel to the vector (3i - j)

a Find the angle between R and the vector i. (3 marks)
b Show thatp + 3¢ =11. (4 marks)
¢ Given that p = 2, find the magnitude of R. (2 marks)

P is the point (=6, 2, 1), Q is the point (3, -2, 1) and R is the point (1, 3, -2).

a Find the vectors P_Q, PR and Q—R) : (3 marks)

b Hence find the lengths of the sides of triangle POR. (6 marks)

¢ Given that angle QRP = 90° find the size of angle POR. (2 marks)
The diagram shows the quadrilateral ABCD. o C

D

i 6 — 15

Given that AB = (—2) and AC = ( 8 ) find the area of the
11 5

quadrilateral. (7 marks)

A

A is the point (2, 3, =2), Bis the point (0, =2, 1) and C is the point (4, -2, -=5). When 4 is
reflected in the line BC it is mapped to the point D.

a Work out the coordinates of the point D.
b Give the mathematical name for the shape ABCD.
¢ Work out the area of ABCD.

The diagram shows a tetrahedron OABC. a, b and ¢ are the
position vectors of A, B and C respectively.

P, Q. R, S, T and U are the midpoints of OC, AB, OA, BC,
OB and AC respectively.

Prove that the line segments PQ, RS and TU meet at a point
and bisect each other.
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10. Vectors

Answers
1 & p=-15 b i-15]

2 1 a 184° below

b R=d+pli+(-5+q)4+p=3rand -5+qg=-)
4+p=3lg-5sop+3g=11

¢ 2/10=6.32newtons

3 & PQ=9i-4j,PR=7i+j-3k QR =-2i+5j-3k
b |PQ|= /97, PR =/59,iQR =38 ¢ 513°
4

- 184 (3s.1)
5 a (2,-7,-2) b rhombus ¢ 36.1

v PQ=1a+b-c,RS=t-a+b+e.TU=1a-b+c
6 lml_’a.;i_.:‘andﬁinu!méclat,\’:ﬁ‘}zr?Q:%(a+b-cl
RX:sRS:%I—n+b+cl

F.\.’z 17_’(:’= %Ia ~ b + ¢l for scalars r, s and ¢

— — w— —

m’:mnomnh%:-uc.+§4a+b-c»

——»—g:l-a+b+cl=%u-a+m+§|a¢b-cl

Comparing coefficients ina,band e gives r=5s = %

— — e —

T.\’:7‘()+0P+P.\’=:',(-—b+c0+§(a+b—c)

:éla-b+cl=%(a—b+cb
Comparing coefficients in a, b and ¢ gives t = %

So the line segments PQ, RS and 7U meet at a point
and bisect each other.
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Statistics & Mechanics 1. Sampling

1

Statistical
sampling

1.1

Understand and use the
terms ‘population’ and
‘sample’.

Use samples to make
informal inferences about
the population.

Understand and use
sampling techniques,
including simple random
sampling and opportunity
sampling.

Select or critique
sampling techniques in
the context of solving a
statistical problem,
including understanding
that different samples
can lead to different
conclusions about the
population.

Students will be expected to comment
on the advantages and disadvantages
associated with a census and a
sample.

Students will be expected to be
familiar with: simple random
sampling, stratified sampling,
systematic sampling, quota sampling
and opportunity (or convenience)
sampling.

Page |45




Statistics & Mechanics 1. Sampling

1 The table shows the daily mean temperature recorded on the first 15 days in May 1987 at
Heathrow.

Day of month | | 2 3 A 5 6 7 8 9 |10 [ 11 |12 13| 14|15
Daily mean |, o1 g8 | 72|73 [10.|11.9]122[12.1[152]11.1]10.6]12.7] 8.9 | 10.0] 9.5
temp (°C)

© Crown Copyright Met Office

a Use an opportunity sample of the first 5 dates in the table to estimate the mean daily mean
temperature at Heathrow for the first 15 days of May 1987.

b Describe how you could use the random number function @ Hobe Sure v desebe
on your calculator to select a simple random sample of

ur sampling frame.
5 dates from this data. yo pling

¢ Use a simple random sample of 5 dates to estimate the mean daily mean temperature at
Heathrow for the first 15 days of May 1987.

d Use all 15 dates to calculate the mean daily mean temperature at Heathrow for the first
15 days of May 1987. Comment on the reliability of your two samples.

2 a Give one advantage and one disadvantage of using:
i acensus ii a sample survey.

b Itis decided to take a sample of 100 from a population consisting of 500 elements. Explain
how you would obtain a simple random sample from this population.

3 a Explain briefly what is meant by:
i a population ii asampling frame.

b A market research organisation wants to take a sample of:
i owners of diesel motor cars in the UK
ii persons living in Oxford who suffered injuries to the back during July 1996.

Suggest a suitable sampling frame in each case.

4 Write down one advantage and one disadvantage of using:
a stratified sampling b simple random sampling.
5 The managing director of a factory wants to know what the workers think about the factory
canteen facilities. 100 people work in the offices and 200 work on the shop floor.
The factory manager decides to ask the people who work in the offices.
a Suggest a reason why this is likely to produce a biased sample.
b Explain briefly how the factory manager could select a sample of 30 workers using:
i systematic sampling ii stratified sampling iii quota sampling.
6 There are 64 girls and 56 boys in a school.
Explain briefly how you could take a random sample of 15 pupils using:
a simple random sampling b stratified sampling.
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Statistics & Mechanics 1. Sampling

Answers

5 a
b

9.6°C

Sampling frame: first 15 days in May 1987

Allocate each date a number from 1 to 15

Use the random number function on calculator to

generate 5 numbers between 1 and 15

Students’ own answers.

10.8°C

i Advantage: very accurate; disadvantage:
expensive (time consuming).

ii Advantage: easier data collection (quick, cheap);
disadvantage: possible bias.

Assign unique 3-digit identifiers 000, 001, ..., 499

to each member of the population. Work along rows

of random number tables generating 3-digit numbers.

If these correspond to an identifier then include the

corresponding member in the sample; ignore repeats

and numbers greater than 499. Repeat this process

until the sample contains 100 members.

i Collection of individual items.

ii List of sampling units.

i List of registered owners from DVLA.

ii List of people visiting a doctor’s clinic in Oxford
in July 1996.

Advantage - the results are the most representative

of the population since the structure of the sample

reflects the structure of the population.

Disadvantage - you need to know the structure of the

population before you can take a stratified sample.

Advantage - quick and cheap.

Disadvantage - can introduce bias (e.g. if the

sample, by chance, only includes very tall people in

an investigation into heights of students).

People not in office not represented.
i Get a list of the 300 workers at the factory.

% = 10 so choose one of the first ten workers

on the list at random and every subsequent 10th
worker on the list, e.g. if person 7 is chosen, then
the sample includes workers 7, 17, 27, ..., 297.

ii The population contains 100 office workers
(% of population) and 200 shop floor workers
(§ of population).
The sample should contain } x 30 = 10 office
workers and § x 30 = 20 shop floor workers.
The 10 office workers in the sample should be a
simple random sample of the 100 office workers.
The 20 shop floor workers should be a simple
random sample of the 200 shop floor workers.

ili Decide the categories e.g. age, gender, office/
non office and set a quota for each in proportion
to their numbers in the population. Interview
workers until quotas are full.

6 a Allocate a number between 1 and 120 to each pupil.

Use random number tables, computer or calculator
to select 15 different numbers between 1 and 120
(or equivalent),

Pupils corresponding to these numbers become the
sample.

b Allocate numbers 1-64 to girls and 65-120 to boys.

Select :’740 x 15 = 8 different random numbers

between 1 and 64 for girls.

Select 7 different random numbers between 65 and
120 for boys. Include the corresponding boys and
girls in the sample.
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Statistics & Mechanics
2. Data Presentation anthterpretation

2 2.1 Interpret diagrams for Students should be familiar with
single-variable data, histograms, frequency polygons, box
Data . . . . . . .
. including understanding and whisker plots (including outliers)
presentation . . . .
and that area in a histogram and cumulative frequency diagrams.
interpretation represents frequency.
Connect to probability
distributions.
2 2.2 Interpret scatter Students should be familiar with the
Data diagrams and regression | terms explanatory (independent) and

presantation
and
interpretation

continued
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lines for bivariate data,
including recognition of
scatter diagrams which
include distinct sections
of the population
{calculations involving
regression lines are
excludad].

Understand informal
interpretation of
correlation.

Understand that
correlation does not
imply causation.

response [dependent) variables.

Usa to make predictions within the range
of valuss of the explanatory variable and
the dangers of extrapolation. Derivations
will not be required. Variables other than x
and ¥ may be used.

Use of interpolation and the dangers
of extrapolation. Variables other than
x and 1 may be used.

Change of variable may be reguired, e.g.
using knowledge of logarithms to reduce a
relationship of the form y = ax" or y = kb
into linear form to estimate d and nor &
and b.

Use of terms such as positive,
negative, zero, strong and weak are
expected.




Statistics & Mechanics
2. Data Presentation anthterpretation

2.3 Interpret measures of Data may be discrete, continuous,
central tendency and grouped or ungrouped. Understanding
variation, extending to and use of coding.
standard deviation.

ands viation Measures of central tendency: mean,
median, mode.
Measures of variation: variance,
standard deviation, range and
interpercentile ranges.
Use of linear interpolation to calculate
percentiles from grouped data is
expected.
Be able to calculate Students should be able to use the
standard deviation, statistic
including from summary 3
= 3 = X
statistics. 5= w(x-x) = Ext- _{E" )
II
Use of standard deviation = lll_n [or
R
equivalent) is expected but the use of
S
5= 1|I| —1 (a5 used on spreadsheats)
will be accepted.
2 2.4 Recognise and interpret Any rule needad to identify cutliers
Data possible cutliers in data will be specified in the question.

presentation
and
interpretation

continuad

sets and statistical
diagrams.

Salect or critique data
presentation techniques

in the context of a
statistical problem.

Ee able to clean data,
including dealing with
missing data, errors and
outliers,

For example, use of (- 1.5 = IQE and
03+ 1.5 = IQE or mean £3 ® standard
deviation.

Students will be expected to draw
simple inferences and give
interpretations to measures of central
tendency and variation. Significance
tests, other than those mentionad in
Section 3, will not be expected.

For example, students may be asked
to identify possible outliers on a box
plot or scatter diagram.
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Statistics & Mechanics
2. Data Presentation anthterpretation

1 The table gives the distances travelled to school,
in km, of the population of children in a particular
region of the United Kingdom.

Distance, d (km) 0=d<l l=d<2 2<d<3 3=d<5 | 5=d<10 10=d
Number 2565 1784 1170 756 630 135

A histogram of this data was drawn with distance along the horizontal axis. A bar of horizontal
width 1.5 cm and height 5.7 cm represented the 0-1 km group.

Find the widths and heights, in cm, to one decimal place, of the bars representing the following
groups:
al<sd<3 bS=d<10 (5 marks)

@ 2 A manufacturer stores drums of chemicals.
During storage, evaporation take place. A
random sample of 10 drums was taken and the
time in storage, x weeks, and the evaporation
loss, y ml, are shown in the table below.

x|[3(5]6|8|10[12|13]15(16(18
Yy |36]50(53|61(69|79(82(90|88|96

a On graph paper, draw a scatter diagram
to represent these data. 3)

b Give a reason to support fitting a
regression model of the form y =a + bx
to these data. (1

The equation of the regression line of y on

xis y=29.02 + 3.9x.

¢ Give an interpretation of the value
of the gradient in the equation of the
regression line, (1)

The manufacturer uses this model to predict

the amount of evaporation that would take

place after 19 weeks and after 35 weeks.

d Comment, with a reason, on the
reliability of each of these predictions.

(2)
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Statistics & Mechanics
2. Data Presentation anthterpretation

@ 3 20 endangered forest owlets were caught for ringing. Their wingspans (x cm) were measured to
the nearest centimetre.

The following summary statistics were worked out:
2x =316 3x?=5078
a Work out the mean and the standard deviation of the wingspans of the 20 birds. (3 marks)
One more bird was caught. It had a wingspan of 13 centimetres.
b Without doing any further calculation, say how you think this extra wingspan will affect the

mean wingspan. (1 mark)
20 giant ibises were also caught for ringing. Their wingspans ( y cm) were also measured to the
g . y=35
nearest centimetre and the data coded using = = 0
The following summary statistics were obtained from the coded data:
2z=104 S =1.8
¢ Work out the mean and standard deviation of the wingspans of the giant ibis. (5 marks)
4 A frequency distribution is shown below.
Class interval 1-10 11-20 | 21-30 | 31-40 | 41-50
Frequency 10 20 30 24 16

a Use interpolation to estimate the value of the 30th percentile.
b Use interpolation to estimate the value of the 70th percentile.
¢ Hence estimate the 30% to 70% interpercentile range.

@ 5 The table shows some data collected on the temperature in °C of a chemical reaction (7) and the
amount of dry residue produced (d grams).

Temperature, 7 (°C) 38 51 72 83 89 94
Dry residue, d (grams) 43 11.7 | 58.6 | 136.7 | 217.0 | 318.8

The data are coded using the changes of variable x = r and y = log d. The regression line of y
on x is found to be y = =0.635 + 0.0334.x.

a Given that the data can be modelled by an equation of the form d = ab’ where a and b are
constants, find the values of @ and b. (3 marks)

b Explain why this model is not reliable for estimating the amount of dry residue produced
when the temperature is 151 °C. (1 mark)
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Statistics & Mechanics
2. Data Presentation anthterpretation

@ g Energy consumption is claimed to be a good predictor of Gross National Product.
An economist recorded the energy consumption (x) and the Gross National Product ( y) for eight
countries. The data is shown in the table.

Energy consumption (x) 34 | 7.7 (120 ] 75 58 67 113 | 131
Gross National Product (y) | 55 | 240 | 390 | 1100 | 1390 | 1330 | 1400 | 1900

The equation of the regression line of y on xis y =225 + 12.9x.

The economist uses this regression equation to estimate the energy consumption of a country
with a Gross National Product of 3500.

Give two reasons why this may not be a valid estimate. (2 marks)
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Statistics & Mechanics
2. Data Presentation anthterpretation

Answers

1 a width = 1.5 cm, height = 2.6 cm
b width = 7.5 cm, height = 0.28 cm

283 FTTTTTT0
< 1004 ‘ { | L(
gosol 1 L X
= 60 x ¥
K s
=
g 40+ x '
= 204
N | - -

0 5 10 15

Time (x weeks)
b The points lie close to a straight line.
3.90 ml of the chemicals evaporate each week.
The estimate for 19 weeks is reasonably reliable,
since it is just outside the range of the data.
The estimate for 35 weeks is unreliable, since it is
far outside the range of the data.

o

3! a Mean 15.8 em, standard deviation 2.06 cm
b The mean wingspan will decrease.
¢ Mean 57 cm, standard deviation 3 cm

4 a 20.5 b 347 ¢ 142

=0.232(3s.f).b=1.08 (3 s.f)

5 aa
b 151 °C is outside the ranee of the data (extranolation).

6 (1) 3500 is outside the range of the data (extrapolation).
(2) The regression equation should only be used to
predict a value of GNP (y) given energy consumption (x).
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Statistics & Mechanics 3. Probability

3 3.1 Understand and use Venn diagrams or tree diagrams may
.r- mutually exclusive and be used. Set notation to describe events
Probability .
independent events when | may be used.
calculating probabilities. Use of P(B |A) =P(B). P4 ‘B) =P(A).
P(4 m B) = P(4) P(B) in connection with
independent events.
Link to discrete and No formal knowledge of probability
continuous distributions. | density functions is required but
students should understand that area
under the curve represents
probability in the case of a continuous
distribution.
3.2 Understand and use Understanding and use of
conditional probability, )
including the use of tree P(4") =1-P(A).
diagrams, Venn diagrams,
two-way tables. P(4 W B)=P(4) + P(B) — P(4 m B).
Understand and use the P(4 ~ B)=P(4) P(B ‘A}
conditional probability
formula
P(4|B) = P(AnB)
P(B)
3 3.3 Modelling with probability, For example, questioning the assumption
Probability mcludmg critiquing that a die or coin is fair.
assumptions made and the
continued likely effect of more realistic

assumptions.
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® 1 Thc scores of 250 students in a test are recorded Score, s Frequency Frequency

in a table. (male) (female)

One student is chosen at random. 20<s5<25 7 8

a Find the probability that the student is female. 25=5<30 15 13

b Find the probability that the student scored 0<s5<35 18 19
less than 35. I5=s5<40 25 30

¢ Find the probability that the student is male W=s5<45 30 26
with a score s such that 25 < s < 35. 45 <5< 50 27 32

Statistics & Mechanics 3. Probability

In order to pass the test, students must score 37 or more.

d Estimate the probability that a student chosen at random passes the test. State one
assumption you have made in making your estimate.

. For events J and K, P(J or K or both) = 0.5, P(K but not J) = 0.2 and P(J but not K) = 0.25.

a Draw a Venn diagram to represent events J and K and the sample space S. (3 marks)
b Determine whether events J and K are independent. (3 marks)

In a factory, machines 4, B and C produce electronic components. Machine 4 produces 16%
of the components, machine B produces 50% of the components and machine C produces
the rest. Some of the components are defective. Machine 4 produces 4%, machine B 3% and
machine C 7% defective components.

a Draw a tree diagram to represent this information.

b Find the probability that a randomly selected component is:
i produced by machine B and is defective ii defective.

4 J, K and L are three events such that P(J) = 0.25, P(K) = 0.45 and P(L) = 0.15. Given that K and

L are independent, J and L are mutually exclusive and P(J N K) = 0.1

a draw a Venn diagram to illustrate this situation. (2 marks)
b Find:
i P(JUK) (1 mark)
ii P(J'NL") (1 mark)
iii P(J|K) (2 marks)
iv P(K|J'Nn L") (2 marks)
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Statistics & Mechanics 3. Probability

On a randomly chosen day the probabilities that Bill travels to work by car, by bus or by train
are 0.1, 0.6 and 0.3 respectively. The probabilities of being late when using these methods of
travel are 0.55, 0.3 and 0.05 respectively.

a Draw a tree diagram to represent this information. (3 marks)
b Find the probability that on a randomly chosen day,
i Bill travels by train and is late (2 marks)
ii Bill is late. (2 marks)
¢ Given that Bill is late, find the probability that he did not travel by car. (4 marks)

A box 4 contains 7 counters of which 4 are green and 3 are blue.

A box B contains 5 counters of which 2 are green and 3 are blue.

A counter is drawn at random from box 4 and placed in box B. A second counter is drawn at
random from box A4 and placed in box B.

A third counter is then drawn at random from the counters in box B.

a Draw a tree diagram to show this situation. (4 marks)

The event C occurs when the 2 counters drawn from box A are of the same colour.
The event D occurs when the counter drawn from box B is blue.

b Find P(C). (3 marks)
¢ Show that P(D) = % (3 marks)
d Show that P(C N D) = 45 (2 marks)
e Hence find P(C U D). (2 marks)
f Given that all three counters drawn are the same colour, find the probability that

they are all green. (3 marks)
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Statistics & Mechanics 3. Probability

Answers

ha
0] et

d -, using interpolation and assuming uniform

125

distribution of scores

0.5

b P()=0.3, P(K) =0.25, P(Jand K) = 0.05
P(J) x P(K) = 0.075 = P(J and K), so J and K are not

independent.
3 a 0.04 __D
A <
0.96 D’
0.03__D
B <
0.97 D’
0.07__D
C <
0.93~~D’
b i 0.015 ii 0.0452

b i 0.6 ii 0.6 iii 0.222(3s.f) iv 0.471(3s.1)
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C
L’

0.1 0.45
0.3 __1
0. 1
6 h‘<
0.7 L'
0.3 0.05__1
1r
095 ~L'
b i 0015 ii 0.25 c 0.78
a 4
6 7 G
G <:::::
~sp
3
7 G
B <
T~~p
3
7 G
o<
i~3B
N .
b § G
B <
SSB
b 2
¢ Adding together the probabilities on the 4 branches

of the tree diagram where the counter from box B
is 12 16 24 15 _ 27
ishlue: f + g+ 17+ s =%

d Adding together the probabilities on the 2 branches

of the tree diagram where events € and D both

e
oceur. 3= + |li' = 1—(‘,
37 8

e 5 I
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Statistics & Mechanics dDistributions

Understand and use

Students will be expected to use

4 4.1
simple, discrete distributions to model a real-world
Statistical probability distributions situation and to comment critically on
distributions (calculation of mean and | the appropriateness.
variance of FISCI‘E'IIE Students should know and be able to
random variables is . . . .
. . identify the discrete uniform
excluded), including the C
. . o distribution.
binomial distribution, as
a model; calculate The notation X ~ B(n, p) may be used.
probabilities using the
binomial distribution. Use of a calculator to find individual
or cumulative binomial probabilities.
4.2 Understand and use the The notation X ~ N(x, @) may be used.
Mormal distribution as a
model; find probabilities Knowledge of the shape and the
using the Normal symmetry of the distribution is required.
distribution Knowledge of the probability density
function is not required. Derivation of the
mean, variance and cumulative
distribution function is not required.
Questions may involve the solution of
simultaneous equations.
Students will be expected to use their
calculator to find probabilities connected
with the normal distribution.
Link to histograms, mean, Students should know that the points of
standard deviation, points of | inflection on the normal curve are at
inflection Xx=uztao
The derivation of this result is not
expected.
and the binomial Students should know that when 7 is large
distribution. and p is close to 0.5 the distribution
B(n, p) can be approximated by
N(np, np[1 - p])
The application of a continuity correction
is expected.
4 4.3 Select an appropriate Students should know under what
_— probability distribution for a | conditions a binomial distribution or a
Statistical

distributions

continued

context, with appropriate
reasoning, including
recognising when the
binomial or Normal model
may not be appropriate.

Mormal distribution might be a suitable
maodel.
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1 The random variable X has probability function

Bx-1)
P(X'=X)= % x=1,23,4.
a Construct a table giving the probability distribution of X. (2 marks)
b Find P2 < X =4). (2 marks)

@ 2 Records kept in a hospital show that 3 out of every 10 patients who visit the accident and
emergency department have to wait more than half an hour. Find, to 3 decimal places, the
probability that of the first 12 patients who come to the accident and emergency department:
a none

b more than 2
will have to wait more than half an hour.

® 3 A completely unprepared student is given a true/false-type test with 10 questions.
Assuming that the student answers all the questions at random:

a find the probability that the student gets all the answers correct.
It is decided that a pass will be awarded for 8 or more correct answers.
b Find the probability that the student passes the test.

4 The time a mobile phone battery lasts before needing to be recharged is assumed to be normally
distributed with a mean of 48 hours and a standard deviation of 8 hours.

a Find the probability that a battery will last for more than 60 hours. (2 marks)
b Find the probability that the battery lasts less than 35 hours. (1 mark)
A random sample of 30 phone batteries is taken.

¢ Find the probability that 3 or fewer last less than 35 hours. (2 marks)

@ 5 The owner of a local corner shop calculates that the probability of a customer buying a
newspaper is 0.40.

A random sample of 100 customers is recorded.

a Give two reasons why a normal approximation may be used in this situation. (2 marks)

b Write down the parameters of the normal distribution used. (2 marks)

¢ Use this approximation to estimate the probability that at least half the customers bought a
newspaper. (2 marks)

6 A herbalist claims that a particular remedy is successful in curing a particular disease in 52%
of cases.

A random sample of 25 people who took the remedy is taken.
a Find the probability that more than 12 people in the sample were cured. (2 marks)
A second random sample of 300 people was taken and 170 were cured.

b Assuming the herbalist’s claim is true, use a suitable approximation to find the probability
that at least 170 people were cured. (4 marks)

¢ Using your answer to part b, comment on the herbalist’s claim. (1 mark)
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Answers

1% . 1 2 3 4
P(X=2x) | 0.0769 | 0.1923 | 0.3077 | 0.4231

19
b 3

2 a 0014(3d.p.) b 0.747 (3 d.p.)

3 a 0.000977 b 0.0547

4 a 0.0668 b 0.0521 ¢ 0.9315

n is large and p is close to 0.5.
u=40, 0% =24
0.0262

ST e

6 a 0.5801 b 0.0594
¢ Assuming that the claim is correct, there is a
greater than 5% chance that 170 people out of
300 would be cured, therefore there is insufficient
evidence to reject the herbalist’s claim.
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Statistics & Mechanics 5. Hypothesi®sting

5 5.1 Understand and apply the | An informal appreciation that the
Statistical Ianguage_of sta_tistical e?(pe_cted_ val_ue f)f a binomial
hypothesis hypothesis testing, dlStI‘!l)llthl‘l is gwe_n by np may be
. developed through a required for a 2-tail test.
testing ) A
binomial model: null
hypothesis, alternative
hypothesis, significance
level, test statistic, 1-tail
test, 2-tail test, critical
value, critical region,
acceptance region,
p-value;
extend to correlation Students should know that the product
coefficients as measures of | oment carrelation coefficient 7 satisfies
how close data points lie to |#| <1 and that a value of 7= +1 means
a straight line. the data points all lie on a straight line.
and
be able to interpret a given Students will he expected to calculate a
correlation coefficient using value of r using their calculator but use of
a given p-value or critical the formula is not required.
value (calculation of
correlation coefficients is Hypotheses should be stated in terms of p
excluded). with a null hypothesis of o = 0 where p
represents the population correlation
coefficient.
Tables of critical values or a p-value will
be given.
5 5.2 Conduct a statistical
Statistical hypothf?sis _test for the
hypothesis propor_tlon_m t_he )
testing !)II'IOI]]Ial dlStI’Ibllthll-aI]d
interpret the results in
continued context.
Understand that a sample | Hypotheses should be expressed in
is being used to make an | terms of the population parameter p
inference about the
population.
and
appreciate that the A formal understanding of Type I
significance level is the errors is not expected.
probability of incorrectly
rejecting the null
hypothesis.
5.3 Conduct a statistical Students should know that:

hypothesis test for the mean
of a Normal distribution with
known, given or assumed
variance and interpret the
results in context.

If X -~ N(u, ¢2) then X ~N{,H,—J and
n

that a test for & can be carried out using:
X-u

al \/;

No proofs required.

~ N(0. 1%).

Hypotheses should be stated in terms of
the population mean /.

Knowledge of the Central Limit Theorem
or other large sample approximations is
not required.




Statistics & Mechanics 5. Hypothesi®sting

@ 1 The manager of a superstore thinks that the probability of a person buying a certain make of
computer is only 0.2.
To test whether this hypothesis is true the manager decides to record the make of computer
bought by a random sample of 50 people who bought a computer.

a Find the critical region that would enable the manager to test whether or not there is
evidence that the probability is different from 0.2. The probability of each tail should be as
close to 2.5% as possible. (4 marks)

b Write down the significance level of this test. (2 marks)
15 people buy that certain make.
¢ Comment on this observation in light of your critical region. (2 marks)

2 A pharmaceutical company claims that 85% of patients suffering from a chronic rash recover
when treated with a new ointment.

A random sample of 20 patients with this rash is taken from hospital records.

a Write down a suitable distribution to model the number of patients in this sample who
recover when treated with the new ointment. (2 marks)

b Given that the claim is correct, find the probability that the ointment will be successful for
exactly 16 patients. (2 marks)

The hospital believes that the claim is incorrect and the percentage who will recover is lower.
From the records an administrator took a random sample of 30 patients who had been
prescribed the ointment. She found that 20 had recovered.

¢ Stating your hypotheses clearly, test, at the 5% level of significance, the hospital’s belief.
(6 marks)

@ 3 As part of a survey in a particular profession, age, x years, and yearly salary, £y thousands,
were recorded. The values of x and y for a randomly selected sample of ten members of the
profession are as follows:

x 30 | 52 | 38 | 48 | 56 | 44 | 4l
22 | 38 [ 40 | 34 | 35 | 32 | 28

2 | 32 | 27
7129 | 41

(SO0 S

a Calculate, to 3 decimal places, the product moment correlation coefficient between age and
salary. (1 mark)

It is suggested that there is no correlation between age and salary.

b Test this suggestion at the 5% significance level, stating your null and alternative hypotheses
clearly. (3 marks)
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@ 4 A meteorologist believes that there is a positive correlation between daily mean windspeed and
daily maximum gust. She collects data from the large data set for 5 days during August 2015 in
the town of Hurn.

Mean windspeed (knots) 4 7 7 8 5
Daily maximum gust (knots) 14 | 22 18 | 20 | 17

© Crown Copyright Met Office

By calculating the product moment correlation coefficient for these data, test at the 5% level
of significance whether there is evidence to support the meteorologist’s claim. State your
hypotheses clearly. (4 marks)

@ 5 Climbing rope produced by a manufacturer is known to be such that one-metre lengths have
breaking strengths that are normally distributed with mean 170.2 kg and standard deviation
10.5kg. Find, to 3 decimal places, the probability that:

a a one-metre length of rope chosen at random from those produced by the manufacturer will

have a breaking strength of 175 kg to the nearest kg (2 marks)
b a random sample of 50 one-metre lengths will have a mean breaking strength of more than
172.4kg. (3 marks)

A new component material is added to the ropes being produced. The manufacturer believes

that this will increase the mean breaking strength without changing the standard deviation.

A random sample of 50 one-metre lengths of the new rope is found to have a mean breaking

strength of 172.4kg.

¢ Perform a significance test at the 5% level to decide whether this result provides sufficient
evidence to confirm the manufacturer’s belief that the mean breaking strength is increased.
State clearly the null and alternative hypotheses that you are using. (3 marks)
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