Conditional
probability

Objectives

After completing this chapter you should be able to:
® Understand set netation in probability - pages 17-21
® Understand conditional probability - pages 21-24

® Solve conditicnal probability problems using
two-way tables and Venn diagrams - pages 24-27

® Use probability formulae to solve problems - pages 27-30

® Solve conditional probability using tree
diagrams - pages 30-31

Prior knowledge check

1 Events A and B are mutually exclusive.
P(4) = 0.3 and P(B) = 0.45. Find:
a P(4orB)
b P(A and B)
¢ P(neither A nor B). « Year 1, Chapter 5

Events C and D are independent.

P(C)=0.2and P(D) = 0.6.

a Find P(Cand D).

b Draw a Venn diagram to show events C
and D and the whole sample space.

¢ Find P(neither Cnor D). « Year 1, Chapter 5

A bag contains seven counters numbered 1-7.
Two counters are selected at random without The outcome of one event can affect the
replacement. Find the probability that: probability for another event. If a football
a Both counters are odd-numbered team scores a goal, the probability that
b At least one counter is odd-numbered. they will win the match will increase.

« Year 1, Chapter 5 -» Mixed exercise Q8
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Conditional probability
@ Set notation

You can use set notation Lo describe events within a sample space. This can help you abbreviate
probability statements.

For example:

® The event A and B can be written as A M B. The ‘N’ symbol is the symbol for intersection.

% - - The symbol & is used to represent the whole sample space.

A B
@ The intersection of A4 and B is writtecnas 4 N B.
S If A and B are independent, P(A 1 B) = P(A) x P(B).

w If two events, 4 and B, are mutually exclusive, then

their intersection is the empty set, @. You can write A N B=@.

® The event A or B can be written as A U B. The ‘L)’ symbol is the symbol for union.

<
B

A
The union of A4 and Biswrittenas A 1 B.
If 4 and B are mutually exclusive then,

P(A U B) = P(A) + P(B).

® The event not A can be written as A", This is also called the complement of 4.

€
A B

Events A and A" are always mutually exclusive,

@ Explore set notation on a O @
Venn diagram using GeoGebra, 4
Example o Lol 2 -

A card is selected at random from a pack of 52 playing cards. Let A be the event that the card is an
ace and D the event that the card is a diamond. Find:

a P(AND) b P(AU D) ¢ P(A") d P(A" N D)
Dravi a Venn diagram: w Venn diagrams can show either
. probabilities or the number of cutcomes in each
D event.

n{A) is the notation used to indicate the number
of outcomes. For example there are four aces so
n{A) = 4 and there is one ace of diamonds so
nAnND =1

AH

[
o
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Chapter 2

a A Dis the evenlk “the card chosen is the

are of diamaonds’.

s o Thgre is one Ou_t_v:ur_ne in.A M D and 52 outcomes
‘ ' 52 in € so probability is .

b AU Dis the avent “the card chosen is an
ace or a diamond or bath’,
& 4

T‘.’_{I_IIJ','-=52=13 MAUD=3+12+1=16

¢ A" is the svent ‘the card chosen is not an

ace’.
L4812
Pl 7] = = -
e~ =
d A" M Dis the event ‘the card chosen is This is the set of all A n ®

Bty adlic 5 dimnaad outcomes that are
= CE ahd |5 o )

T r not in A but are in D, o
PlA" N DY =—= .

5213 36

Giiven that P(Ay= 0.3, P(B) =04 and Pi4 M B) = (.25,
a explain why events 4 and & are not independent.

Given also that P(C) = 0.2, that events 4 and C are mutually exclusive and that events 8 and C are
independent,

h draw a Venn diagram to illustrate the events 4, 8 and C, showing the prohabilities for each region.
¢ Find P{iAn 8)uU C).

a P4 xP(Bl=03x04=012 Problem-solving

PlA) x P(B) = P4 N B) so A and B are not When transferring information onte a Venn
indepargant. diagram, work from the intersections outwards if
ossible.
b ¢ P

Since #and C are independent,
P(BN ) =04 » 02 =008

Since A and € are mutually exclusive, A overlaps
— only with B This region representing just 4 is
0.3 - 0.25.

c PlAN B) =005 |
— This is the region inside set A4 but outside set 5.

Pild N B)YUC) =005 + 0.2 =025
Add the two prokabilities, since it is a union

relationship and there is no overlap.

18
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1 Use set notation to describe the shaded area in each of these Venn diagrams:

a € b

A 5 A

&

€ ¢

A

2 On copies of this Venn diagram, shade:

a AUR
b A" N &
¢ (AN B

3 On copies of this Venn diagram, shade:
aAnBHucC
b (A UBINC
c(ANBNCY

4 A card is chosen at random from a pack of 52 plaving cards. C is the event “the card chosen is a

club” and K is the event ‘the card chosen is 4 King’.
The Venn diagram shows the number of outcomes
for each event.

Find:
a P(K) b P{C) e PICNK)
d P(CUK) e P(C") f (K'nC)

36
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Chapter 2
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A and B are two events. P(A4) = 0.5, P(B)=0.2and P(4 " B) = 0.1.

Find:

» AU B b B(5) @ Draw a Venn diagram.
¢ P(ANB) d P(4 B

Cand D are two events, P(D)= 04, P(C D)y=0.15and P(C' "1 D)= 0.1,
Find:

a P(C' N D) b P(CD) ¢ PC) d P(C'UD)

The probability that a member of a sports club plays hockey (#7) is 0.5 and the probability that
they play cricket (C) is 0.4. The probability that they play both is 0.25.
a Draw a Venn diagram to illustrate these probabilities.
b Find:
i P(HUC) it P(H'NC) i P(HJC")

A bug contains 50 counters numbered Irom 1 to 50. The counters are either red or blue.

A counter is picked at random. The two events R and £ are the events ‘counter is red” and

‘counter is even-numbered’ respectively. Given that n(R) = 17, n(E) = 30 and n(R L) E) = 40,

a draw a Venn diagram to illustrate the outcomes.

b Find:
i n(RNE) m n{R) represents the number of outcomes in the event
i P(R'ME) R, whereas P(R) represents the probability that the event R occurs.
iii P(RTE))

A, Band C are three events with P(4) = 0.55, P(B)=0.35and P(C)=04. P(AN C)=0.2.
Given that 4 and B are mutually exclusive and B and C are independent,

a draw a Venn diagram to illustrate the probabilities. (4 marks)
b Find:
i P(A'N R (1 mark)
i PALUBNC) (1 mark)
iii P(ANC) UBR) (1 mark)
A. Band C are three events with P(A) = 0.25, P(B) =04, Problem-solving
P(C)=045and P(AN BN C)=0.1.

Given that A and B are independent. B and C are independent, s SOOn/ AL R 20

andANBNC=0,

a draw a Venn diagram to illustrate the probabilities. (4 marks)
b Find:
i P(A'(BUC) (1 mark)
ii P(AUB)NC) (1 mark)
¢ Stale. with reasons, whether events A" and C independent. (2 marks)



11 Members of a school book club read either murder mysteries (M), ghost stories (G) or epic
fiction (£). P(M) =0.5. P(G) = 0.4 and P(£) = 0.6. Given that no one reads both ghost stories
and epic fiction and that P(M ™ G) = 0.3,

a draw a Venn diagram to illustrate these probabilities. (4 marks)
b Find:

i P(MUG) it P(MNGYU(MME) (2 marks)
¢ Are the events G" and M independent? You must justily your answer. (2 marks)

12 Given that events 4 and B are independent and that P(4) = x and P(B) = . find, in terms of x

and y:

a P(A1 B) (2 marks)
b P(4U B) (2 marks)
¢ PlAU B (2 marks)

Challenge

Given that events 4, Band C are all independent and that
P(4) = x, P(B) = y and P(C) = z, find, in terms of x, y and z:
aPANBNC) b P(A4L BUC) c PAUBYNC)

@ Conditional probability

The probability of an event can change depending on the outcome of a previous event. For example,
the probability of your being late for work may change depending on whether you oversleep or not.

Situations like this can be modelled using conditional probability. You use a vertical line to indicate
conditional probabilities.

= The probability that B occurs given that A has already occurred is written as P(B|A).
Similarly, P(B|.4") describes the probability of B occurring given that 4 has not occurred.

® For independent events, P(A|B) = P(A|B’) = P(A), and P(B|A) = P(B|A') = P(B).

Y¥ou can use this condition to determine independence.

You can solve serme problems invelving conditional probability by considering a restricted sample
space of the outcomes where one event has already occurred.

A school has 75 students in year 12. Of these students, 25 study only humanities subjects (/) and
37 study only science subjects (S). 11 students study both science and humanities subjects.
a Draw a two-way lable Lo show this information.
b Find:
i PSS HY) ii P(S|H) iii P(H]S")
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Chapter 2

a H H' Total
S 1" 37 45 - I
Ay 25 | 2 = i |
Total | 36 39 75
BEOE LT 2 123
bi PSS NH)= 75 |
Py 1 Ly
il PiSIH) = 3¢
9|—
il PHISY) = 52

Two four-sided dice are thrown together, and the sum of the numbers shown is recorded.

Put the information from the question in the
table. These values are shown in bold.

11+37 =48

75— 48 =27

There are two students who study neither science
nor humanities out of a total of 75.

Given that H is already true, you need to restrict
the sample space (o those 36 students. 11 of
them also study science.

There are 25 humanities students out of the 27
students who do not study science.

a Draw a sample-space diagram showing the possible outcomes.
b Given that at least one dice lands on a 3. find the probability that the sum on the two dice is

exactly 5.

¢ State one modelling assumption used in your calculations.

Dice 2

b Pf{sum is

c All outcomes are equally likely (Le.

& vt

g1

=

dice are fair)

22

Slene dice lands on 3) = =

4l 5 & @

3l @ (&

2i 3 4 5

1+ 2 3 4 5

a : 2 3 4
Dice 1

both

There are seven outcomes where one of the
dice lands on a 3. The yellow circles show the
restricted sample space.

Two of these outcomes have a total of 5,

There are 7 equally likely outcomes in the
restricted sample space.
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The two-way table shows the fast-food preferences of 60 students in a sixth-form.

Pizza Curry Total
Male 11 18 29
Female 14 7 | 31
Total 25 35 60
Find:
a P(Male) b P(Curry|Male) ¢ P(Male|Curry) d P(Pizza|Female)

In a sports club, there are 75 members of whom 32 are female. Of the female members,
15 play badminton and 17 play squash. There are 22 men who play squash and the rest play
badminton.
a Draw a two-way table to illustrate this situation,
b Find:
i P(Male[Squash) ii P(Female|Badminton) iii P(Squash|Female)

A group of 80 children are asked about their favourite ice-cream flavour. Of the 45 girls,
13 like vanilla, 12 like chocolate and the rest like strawberry. Of the boys, 2 like vanilla and 23
like strawberry. The rest like chocolate.
a Draw a two-way table to show this situation.
b Find:
i P(Boy|Strawberry) it P(Girl[Vanilla) iii. P(Chocolate|Boy)

A red and a blue spinner each have four equally likely outcomes, numbered 1 to 4. The two
spinners are spun at the same time, and the sum of the numbers shown, X, is recorded.
a Draw a sample space diagram for X,
b Find:
i P(X=5) ii P(X = 3|Red spinner is 2) iii P(Blue spinner is 3|JX =35)

Two fair six-sided dice are thrown and the product is recorded.

a Draw a sample-space diagram to illustrate the possible outcomes.

b Given that the first dice shows a 5, find the probability that the product is 20.

¢ Given that the product is 12, find the probability that the second dice shows a 6.
d Explain the importance of the word *fair’ in this context.

A card is drawn at random from a pack of 52 playing cards. Given that the card is a diamond,
find the probability that the card is an ace.

23
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7 Two coins are flipped and the results are recorded. Given that at least one of the coins landed
on a head. find the probability that there were:

a two heads b a head and a tail.

e State one modelling assumption used in your calculations.

E) B 120 students are asked about their viewing habits, 56 say they watch sports () and 77 say they
watch dramas (D). Of those who watch dramas, 18 also watch sports,

a Draw a two-way table to show this information. {2 marks)
b One student is chosen at random. Find:
i PO (1 mark)
i P(S' DY) (1 mark)
iii P{S|M) (1 mark)
iv. PLIY|S) {1 mark)

a 9 A rambling group is made up of 63 women and 47 men. 26 of the women and 18 of the men
use a walking stick.

a Draw a two-way table to show this information. {2 marks)
b One rambler is chosen at random. Find:
i PiUses astick) (1 murk)
i P(1ses a stick|Fernale) (1 mark)
iii P{Male|Uses a stick) (1 mark)

:P) 10 A veterinary surgery has 750 registered pel owners Of these 450 are female. 320 of the pet
awners owin a cat and 250 own a dog. Of the remaining pet owners, 25 are males who own
another type of pet. No one owns more than one bype of pet. 175 female owners have a cat.
One owner 15 chosen at random. Given that:

Fis the event that an owner is female
fis the event that an owner has a dog
€"is the event that an owner has a cat.
Find:
a P(D'nC) b PO c PIF|C) d P nOCEe

@ Conditional probabilities in Venn diagrams

You can find conditional probahilities from a Venn diagram by considering the section of the Venn
diagram that corresponds to the restricted sample space.

A and B are two events such that P{4) =055, P(B)y =04 and P{4 1 By =015,
a Draw a Venn diagram showing the probabilities for events 4 and &,
b Find:

i PLAIR) i P(BIAUB) iii P{A'lB")
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2 4 Lse the infarmation given to fill in the

b B probabilities on each of the four regions in the
Venn diagram.

The sample space is 4 T
0.2 restricted to just circle B,
[ The part of circle 4
o e Q15 _3 inside B has probability
bl PR =5 5= 5 0.15.
i FBlAU B = C15+025 1 | Thesample space is restricted to just the union of
T o4+ 0154025 2 Aand B.
i a2 1 Consider the restricted A B |%
iii P(4’|B) = oA +02 3 |_ sample space first.
This is everything not .
inside circle B.
0.2
o
1 The Venn diagram shows the probabilities for two events, &
Aand B A B
Find:
a P48 b P(A|B)
¢ P(Bl4") d P(Bl4UB)
0.3

2 Cand D are two events such that PIC)y= 08, B{D) =04 and P C 1 D) =0.25.
a Draw g Venn dizgram showing the probabilities lor events C and D
b Find:
i lCurm i POl i (D) iv P(IY|CT

3 Sand T are two events such that P{8) = 0.5 and P(T) = 0.7, Given that § and T are

independent,
a draw a Venn diagram showing the probabilities for events 8§ and T
b Find:
iPSNT) i P(S|T) i PT]S") iv PSS U T
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120 members of a youth club play either snooker (A1), pool (B), .
both or neither. Given that 63 play snooker, 50 play pool and m Dr e Ve SNegram.
20 play both, find:

a P(4nB') b P(A|B) ¢ P(Bl4") d P(Al4 U B)

The eating tastes of 80 cats are recorded. 45 like Feskers (£) and 32 like Whilix (7). 12 like
neither. One cal 1s chosen at random. Find:

a P(Fr W) b P(F|W) ¢ P(WIF) d P(W'|F")

The Venn diagram shows the probabilities of three events, &
A, Band C.

Find:

a P(A|B) b P(Cl4")

¢ P((ANBIC) d P(Cli4" U B)

The Venn diagram shows the number of students in
a class who watch any of 3 popular TV programmes
A, Band C.

One of these students is selected at random. Given that
the student watches at least one of the TV programmes,
find the probability that the student watches:

a programme C (2 marks)

b exactly two of the programmes. (2 marks)

¢ Determine whether or not watching programme B and watching programme C are
statistically independent. (3 marks)

Problem-solving

1f PLA|B) = P(A) then events A and B are independent.

Three events, 4, Band C are such that A4 and B are mutually exclusive and B and C are
independent. P(A4) = 0.2, P(B) = 0.6 and P(C)=0.5. Given that P(4A' N B'N ') = 0.1,

a draw a Venn diagram to show the probabilities for events 4. Band C. (4 marks)
b Find:
i P(A|O) (1 mark)
ii P(BIC) (1 mark)
iii P(Cl(4L B) (1 mark)



9 A doctor completes a medical study of 100 people, 5 of whom are known to have an illness and
95 of whom are known not to, A diagnostic test is applied. All 5 of the people with the illness
test positive, and 10 people without the illness also test positive. Given that event A = person

has the disease and event 8 = person tests positive,
a draw a Venn diagram to represent this situation,

b Calculate P(A|B).
¢ With reference to your answer to part b. comment on the usefulness of the

diagnostic test,

(3 marks)
(2 marks)

(2 marks)

@ 10 Events 4 and B are such that P(4) = 0.6 and P(B) = 0.7. Given that P(4' 1 B) = 0.12. find:

a P(B|A")

b P(B|A)

¢ Explain what your answers to parts a and b tell you about events 4 and B.

11 The Venn diagram shows the probabilities for two events,
A and B. Given that P(A|B) = P(8'), find the values of x and y.

12 The Venn diagram shows the probabilities for two events,
A and B. Given that P(A|B) = P(A’), find the values of ¢ and d.

m Probability formulae

There is a formula you can use for two events that links the probability of the unicn and the

prabability of the intersection.
IfP(4) =aand P(B)=b

The probability of
the intersection,
P(A M B), is i,

()

(3 marks)

Subtract this probability from a and b and write
the probabilities on the Venn diagram as shown.

The probability of A L Bis

"PAUB =(a-i)+h=i)+i

=a+b-i

Since { = P(4 M B) you can write the following addition formula for two events 4 and B

" P(4UB)=P(4) +P(B) -P(4 N B)
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Example

A and B are two events, with P(4) = 0.6, P(8) = 0.7 and P(4 L B)=0.9,

Find P(A4 " B).
ind X ) You do not know whether A and B are independent

50 you can't use {4 M B) = P{4) x P(8B). Use the addition formula.

P(AU B)=P(A) + P(B) - P(A N B}
So P4 N B) = F{d) + P(B) - P(4 U B)
=06 +07-02
=04

Rearrange the addition formula to make P(A 1 B)
the subject.

You can also use the Venn diagram in the explanation above Lo find a foermula for P(B|A):

To find P{B|A) restrict the sample space to the set of
outcomes in which A has already occurred,

1 This is the subset of outcomes in the restricted sample
space in which B occurs.

S (M
SoP(BlA) = =2

Since P(B1 A) =i and P{4) = a, you can write the following multiplication formula for conditicnal
probability.

P(BM A
lP(BIA)=ﬁ

C and D are two events such that P(C) = 0.2, P(D) = 0.6 and P(C|D) = 0.3.
Find:
a P(Cr D) b P(D|C) ¢ P(CLD)

so P(B N A) = P(BlA) x P(4)

a F(Cn D)=FC|D) x F{D) —— Use the multiplication formula.
=03 x06=015

PID A C) Problem-solving

b F(D|C) =

FiC) If you wanted to draw a Venn diagram to show
these events it would help to find P(C'n D) first

018 _49 using the multiplication formula.

0.2 €

(& D
c P{CU D)=PC)+ P(D)-PICN D)
=02+06-016=062
0.38
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1 A and B are two events where P(4) =04, P(B)=0.5and P(4 L B) =0.6.
Find:

a P(AnNB) b P(A4°) ¢ P(4JB) d P(A"UB)

® 2 Cand D are two events where P(C) = 0.55, P(D) = 0.65 and P(C " D) =0.4.
a Find P(C L D),
b Draw a Venn diagram and use it to find:
i P(C'NDY) i P(CID) i P(CIDY)
¢ Explain why events C and D are not statistically independent.

3 L and Fare two events where P(£) =07, P(F)=0.8 and P(EN F) = 0.6.
a Find P(EUF).
b Draw a Venn diagram and use it to find:
i P(ELF) ii P(E'NF) ili P(E|F")

@ 4 There are two events 7'and O where P(T') = P(Q) = 3P(7T "N Q) and P(T'U Q) = 0.75.
Find:
a P(TnoQ) b P(T) ¢ P(Q) d P(T"rm Q") e P(TNQ")

5 A survey of all the households in the town of Bury was carried out. The survey showed that
70% have a freezer and 20% have a dishwasher and 80% have either a dishwasher or a freezer
or both appliances. Find the probability that a randomly chosen household in Bury has both
appliances.

6 A and B are two events such that P(4) = 0.4, P(B) = 0.5 and P(A4|B) = 0.4. Find:
a P(B|A) b P(A'NB) ¢ P(A'N B).

7 Let A and B be events such that P(A4) = %, P(B) = % and P(4 U B) = %
Find:

a PAlB) b P(4' 1 B) ¢ P(A'NB)

8 Cand D are two events where P(C|D) = 5, P(C|D*) = + and P(D) = §. Find:
a P(CND) b P(C D) c P(C)
d P(DIC) e P(D'|C) f P(D'|C")

@ 9 Given that P(4) = 0.42, P(B) = 0.37 and P(4 " B) = 0.12. Find:
a P(4U B) (2 marks)
b P(A|B) (2 marks)
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The event C has P(C') = 0.3,
The events B and C are mutually exclusive and the events 4 and C are independent.

¢ Find P(4 1 C). (2 marks)

d Draw a Venn diagram to illustrate the events A, B and C, giving the probabilities for each
region. (4 marks)

e Find P((4'w C)"). (2 marks)

10 Three events A, B and C are such that P(4) = 0.4, P(B) = 0.7, P(C) = 0.4 and P(4 1 B) = 0.3.
Given that 4 and € are mutually exclusive and that B and C are independent, find:

a P(BNC) (1 mark)
b P(BIC) (1 mark)
¢ P(4|B) (1 mark)
d P(BNC)4") (1 mark)

11 Anna and Bella are sometimes late for school, The events 4 and B are defined as follows:

A 1s the event that Anna is late lor school

B is the event that Bella is late for school

P(A4)=0.3, P(B)= 0.7 and P(4' 1 B) = 0.1. On a randomly selected day. find the probability that:
a both Anna and Bella are late to school (1 mark)
b Anna is late to school given that Bella is late to school. (2 marks)
Their teacher suspects that Anna and Bella being late for school is linked in some way.

¢ Comment on his suspicion, showing your working. (2 marks)

12 John and Kayleigh play darts in the same team. The events J and K are defined as follows:
Jis the event that John wins his match
K is the event that Kayleigh wins her match
P(/)=0.6,P(K)=0.7Tand P(J U K)=0.8.
Find the probability that:

a both John and Kayleigh win their matches (1 mark)
b John wins his match given that Kayleigh loses hers (2 marks)
¢ Kayleigh wins her match given that John wins his, (2 marks)

d Determine whether the events J and K are statistically independent.
You must show all your working. (2 marks)

Challenge

The discrete random variable X has probability function:
PX=x)=kx,x=1,2,3,45

Find:

a thevalue of &

b PX=5|X>2)

¢ P(Xisodd|X is prime)

30




@ Tree diagrams

Conditional probabilities can be represented on a tree diagram.

P(B|A) B ~——— P(A M B)=P(4) x P(B|4)
A
P(B'|A) B
P(B|4") B
A
P(B'|A’) i

The probabilities on the second set of branches represent the conditional probabilities of B given
that A has, or has not, happened.

A bag contains 6 green beads and 4 vellow beads. A bead is taken from the bag at random, the
colour is recorded and it is not replaced. A second bead is then taken from the bag and its colour

recorded. Given that both balls are the same colour, find the probability that they are both yellow.

= L Initially there are 10 beads in the bag and 6 are
green. P(G)) = 5.

Ol
(=]

Since a green bead is removed and not replaced,
the total number of beads is reduced to 9 and
there are just 5 green beads remaining.

o
-~

lﬁlu/\(cld‘- v .%\Dllﬂ

b

P(ooth yellow|same colour)
P{both yellow and same colour)

Fl{same colour)

2 o _P(BN A)
5=5 . | Use P(BIA) = —C0= 7

'S
y

1 A bag contains five red and four blue tokens. A token is chosen at random, the colour recorded

and the token is not replaced. A second token is chosen and the colour recorded.
a Draw a tree diagram to illustrate this situation.

Find the probability that:

b the second token is red given that the first token is blue
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¢ the first token is red given that the second token is blue
d the first token is blue given that the tokens are different colours

¢ the tokens are the same colour given that the second token is red.

A and B are two events such that P(B|4) = 0.45, P(B|4") = 0.35 and P(4) = 0.7.

a Copy and complete the tree diagram representing 0.45 B
this information. 4 <
’ 0.7
b Find: B

i PA4nB)

i P(4"'1B) 0.35 B
iii P(A|B) .4'< (
7~

A box of 24 chocolates contains 10 dark and 14 milk chocolates. Linda chooses a chocolate at
random and eats it, followed by another one.

a Draw a tree diagram to represent this information,

Find the probability that Linda eats:

b two dark chocolates

¢ one dark and one milk chocolate

d two dark chocolates given that she eats at least one dark chocolate.

Jean always goes to work by bus or takes a taxi. If one day she goes to work by bus, the
probability she goes to work by taxi the next day is 0.4. If one day she goes to work by taxi, the
probability she goes to work by bus the next day is 0.7.

Given that Jean takes the bus to work on Monday. find the probability that she takes a taxi to
work on Wednesday.

Sue has two coins. One is fair, with a head on one side and a tail on the other.
The second is a trick coin and has a tail on both sides. Sue picks up one of the coins at random
and flips it.

a Find the probability that it lands heads up.
b Given that it lands tails up, find the probability that she picked up the fair coin. (

A bag contains 4 blue balls and 7 green balls. A ball is selected at random from the bag and its
colour is recorded. The ball is not replaced. A second ball is selected at random and its colour is
recorded.

a Draw a tree diagram to represent the information. (3 marks)
Find the probability that:

b the second ball selected is green (2 marks)
¢ both balls selected are green, given that the second ball selected is green. (2 marks)
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In an engineering company, factories A, B and C are all producing tin sheets of the same type.
Factory 4 produces 25% of the sheets, factory B produces 45% and the rest are produced by
factory C. Factories A, B and C produce flawed sheets with probabilities 0.02, 0.07 and 0.04
respectively.

a Draw a tree diagram to represent this information. (3 marks)
b Find the probability that a randomly selected sheet is:
i produced by lactory B and flawed (2 marks)
ii Hawed. (3 marks)
¢ Given that a randomly selected sheet is Hawed., find the probability that it was produced by
factory A, (3 marks)

A genetic condition is known to be present in 4% of a population. A test is developed to help
determine whether or not someone has the genetic condition.

If a person has the condition, the test is positive with probability 0.9.

If a person does not have the condition, the test is positive with probability 0.02.

a Draw a tree diagram to represent this information. (3 marks)
A person is selected at random [rom the population and tested for this condition.

b Find the probability that the test is negative. (3 marks)
A doctor randomly selects a person from the population and tests them lor the condition.
Given that the test is negative,

¢ find the probability that they do have the condition. (2 marks)
d Comment on the effectiveness of this test, (1 mark)

On a randomly chosen day the probabilities that Bill travels to work by car, by bus or by train
are 0.1, 0.6 and 0.3 respectively. The probabilities of being late when using these methods off
travel are 0.55, 0.3 and 0.05 respectively.

a Draw a tree diagram Lo represent this information. (3 marks)
b Find the probubility that on a randomly chosen day,
i Bill travels by train and is late (2 marks)
ii Bill is late. (2 marks)
¢ Given that Bill is late, find the probability that he did not travel by car. (4 marks)

A box A contains 7 counters ol which 4 are green and 3 are blue.

A box B contains 5 counters of which 2 are green and 3 are blue.

A counter is drawn at random from box A and placed in box B. A second counter is drawn at
random from box A and placed in box B.

A third counter is then drawn at random from the counters in box B.

a Draw a tree diagram to show this situation. (4 marks)

The event C occurs when the 2 counters drawn from box A are of the same colour.
The event D occurs when the counter drawn from box B is blue,

b Find P(C). (3 marks)
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¢ Show that P() = :, {3 marks)
d Show that P{C ™ D)= % (2 marks)
¢ Hence find POC LI, (2 marks)
f Given that all three counters drawn are the sume colour, find the probability that

they are all green. (3 marks)

11 A box of jelly beans contains 7 sweel flavours and 3 sour flavours, Two of the jelly beans are
taken one after the other and eaten. Emilia wants to find the probability that both jelly beans
ealen are sweel given that at least one of them is. Her solution is shown below:

Floolh jelly beans are sweel) = 7 Y 7 42
W Ty meArs Ars SEEt =0 0 T oo
Fiat lzast one jelly bean is swest)

3 % 3 _ 9
10710 700

=1 — Pingither are aweet) = 1 -

Fieoth are sweet given at least one is swest)

_To_ 49
w6 o
Identify Emilia’s mistake and find the correct probability. {4 marks)

0 Mixed exercise o

(E) 1 Aand Bare two events such that P(4) = 0.4 and P(8) = 0.35. If P(4 1 B) = 0.2, find:

a P4 B) {1 mark)
b P4 "1 B {1 mark)
¢ PiBl4) (2 marks)
d P(4'|B) (2 marks)

2 J. Kand I. are three events such that P(J) =025, I(K) =045 and P(L) =0.15, Given that K and
L are independent, J and L are mutvally exclusive and P(J 1 K) = 0.1

a draw a Venn diagram to illustrate this situation. (2 marks)
b Find:
i PJUK) {1 mark)
i P nLy {1 mark)
iii PiJ|K) (2 marks)
iv BK|P LY (2 marks)

- 1 students i a high-school sixt orm, A3 5tudy French and 4> study Spanish. 27 students
3 Of a0 1 in a high-school sixth fi I5study F 1 145 1y Spanish. If 27 |
study both. find the probability that a student chosen at random:

a studies only one subject {1 mark)

b studies French given that they study Spanish (2 marks)

¢ studies Spanish given that they do not study French, (2 marks)
34
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It is found that 75% of the students who study just French wear glasses and hall of the students
who study just Spanish wear glasses. Find the probability that a student chosen at random:

d studies one language and wears glasses (2 marks)
e wears glasses given that they study one language. (2 marks)

A bag contains 6 red balls and 9 green balls. A ball is chosen at random from that bag. its colour
noted and the ball placed to one side. A second ball is chosen at random and its colour noted.

a Draw a tree diagram to illustrate this situation. (2 marks)
b Find the probability that:
i both balls are green (1 mark)
ii the balls are different colours. (2 marks)

Further balls are drawn Irom the bag and not replaced. Find the probability that:
¢ the third ball is red (2 marks)
d it takes just four selections to get four green balls. (2 marks)

In a tennis match, the probability that Anne wins the first set against Colin is 0.7, If Anne wins
the first set, the probability that she wins the second set is 0.8. If Anne loses the first set, the
probability that she wins the second set is 0.4. A match is won when one player wins two sets.

a Find the probability that the game is over after two sets. (2 marks)
b Find the probability that Anne wins given that the game is over after two sets. (2 marks)
If the game is tied at one set all, a tiebreaker is played and the probability of Anne winning it is 0.55.
¢ Find the probability of Anne winning the entire match. (3 marks)

The colours of the paws of 75 kittens are recorded. 26 kittens have all black paws and 14 kittens
have all white paws. 13 have a combination of black and white paws. One Kitten is chosen at
random. Find the probability that the kitten has:

a neither white nor black paws (1 mark)
b a combination of black and white paws given that they have some black paws. (2 marks)
Two kittens are now chosen. Find the probability that:

¢ both kittens have all black paws (2 marks)
d both kittens have some white paws. (2 marks)

Two events A and B are such that P(4) = 0.4 and P(4 1 B) = 0.12. I' 4 and B are independent, find:

a P(B) (1 mark)
b P(4' N B') (1 mark)
A third event € has P(C') = 0.4, Given that 4 and € are mutually exclusive and P(B 1 C') = 0.1,
¢ draw a Venn diagram to illustrate this situation. (2 marks)
d Find:
i P(B|C) (2 marks)
it PLAN(B"'LUC)) (2 marks)
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Exercise 2A

1

A

SN a

a AnB b AuUB
¢ ANBJUA'NB) d AnBnC
e AUBUC f AuBNC

a

cgbm%c
€ b[a B
@

1 1 1
a 5 b T C =

4 3 3
d 5 e 3 f =
a 0.6 b 0.8 ¢ 0.4 d 09
a 0.25 b 0.5 ¢ 0.65 d 0.85
a

H c|é

0.35

b i 0.65 ii 0.15 iii 0.85



10

=~

i 0.53 ii 0.18

Not independent.

P(A'NC)=0.35PA") x P(C)=0.75 x 0.45 =
0.3375

193



11

12

b i 06

¢ Not independent.
P(G'"M)=0.2,P(G')xPM)=0.6x0.5=0.3

a xy

Challenge

a

xyz

b x+y-xy

b x+y+z+xyz-xy-yz-xz

C

Z-Yz+2xyz

C

l-y+xy



Exercise 2B

1
2

a G b 3 c 3 d 3
a Badminton | Squash | Total
Male 21 22 43
Female 15 17 32
Total 36 39 75
i 2 fi Bord iif 2
a Girls Boys Total
Vanilla 13 2 15
Chocolate 12 10 22
Strawberry | 20 23 43
Total 45 35 80
b i 2 o3 iii 2 or
a Blue spinner
. 1 2 3 -+
s[1 2] 3|45
a2l2[| 3[4 ] 5] 6
23| 45|67
=l a5 6] 7] 8
bi i i 1 i
a Dice 1
1 2 3 4 5 6
1 1 2 3 + 5 6
a| 2 2 4 6 8 10 12
(3| 3| 6| 9 |[12]15]18
Sl 4| 4| 8 [12|16] 20 24
5 5 10 15 20 25 30
6 O 12 18 24 30 36
b c 3




6 0.0769 (3s.f) or 5

7 a3 b £
¢ Assume that the coins are not biased.
8 a D D’ Total
S 18 38 56
S’ 59 5 64
Total 7 43 120
b i o5 i 5 i 5 v 2
9 a Women Men Total
Stick 26 18 44
No stick 37 29 66
Total 63 47 110
44 2 26 eee 18 9
b i 6% ii 23 iii % 5
10 a & b 1 ¢ 2 d 3



Exercise 2C

1

2

=

a
C
a

i~

S B SR BB

0.7 b 0.3
0.483 (3 s.f) d 0571 (3 s.f)
C D|é

0.05

i 0.95 ii 0.625 iii 0.3125 iv 0.25

S [H T |

i 0.35 ii
3

= b
$ b
0.6

0.299 (3 s.f))
o b

0.15
0.5 i 07 iv 0.231(3s.f)
2 6 13
5 ¢ 7 d
9 1 12
7 ¢ 3 ¢ 55
b 0.4
d 0.329 (3 s.f)
3
2

P(B|C) = 0.111... # P(B) = 0.345... So B and (C are
not independent




0 a4 U0 D U=
¢ 0.299 (3 s.) d 0.329 (3 s.f)
9 3
¢ P(B|C)=0.111... # P(B) = 0.345... So B and C are

not independent

5 a A C B :
.1
bi 02 ii 06 iii 05
85

1

3

¢ No one who doesn’t have the disease would be
given a false negative result. However, only 3 of the

people who have a positive result would have the

disease.
10 a 0.7 b 07 ¢ They are independent.
11 x=0.21,y=049
7 4
12 ¢= ETIE d= 13
Exercise 2D
1 a 03 b 06 ¢ 08 d 09
2 0.8

a
b i 02 ii 0.615(3s.1) iii 0.429 (3 s.1)
¢ P(CnD)=PC) x P(D)



3 a 09
b i 08 ii 0.2 iii 0.5
4 a 015 b 045 ¢ 055 d 025 e 03
5 0.1
6 a 05 b 0.3 ¢ 0.3
7 a 03 b 0.35 ¢ 04
8 a b 5
c + d 2
9 15
e 1 f 2
9 a 0.67 b 0.476(3s.f) ¢ 0.126
d € e 0.294
0.156
10 a 0.28 b 07
¢ 0.333(3s.f) d 0.467 (3s.f)
11 a 0.1 b 0.143 (3 s.f)
¢ PA)xPB)=03x0.7=0.21,P(ANnB)=0.1
This suggests that the events are not independent.
(If Anna is late, Bella is less likely to be late and vice
versa.)
12 a 0.5 b 0.333(3s.f) ¢ 0.833(3s.f)
d P(X|J)=0.833... # P(K) = 0.7. So J and K are not
independent
Challenge
a b > c 3



Exercise 2E

1

4
5

a

1
5 __R,
) R, <
9
1 B,
7
i s Rl
9 Bl
I~~B,
5 2
N D 1
a 045 ~ B
0.7 24 <
0.55 T8
0.35 .58
0.3 A,<
0.65 B’
b i 0315 ii 0.195 iii 0.75
a 9
23 D,
D,
14 ¢
3 M
10
23 D,
I\/I|
B~M,
23 -

b 0.163 (3 s.f)
0.36
a 025

¢ 0.507 (3 s.f)

b 0.333

®
Do |

d 0.243 (3s.f)



b i 0.0315 ii 0.0485

a 0.9 __ Positive
0.04 7 © <
0.1 Negative
0.02__ Positive
().()() (:v <
0.98 ™ Negative
b 0.9448 ¢ 0.00423

=l
(o]
ow

¢ 0.103 (3 s.f)

d The probability that a positive result is a false positive
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b
c

e

s
Adding together the probabilities on the 4 branches

of the tree diagram where the counter from box B

. 12,16 , 24 , 15 _ 27
isblue: 55 + oz + {57 + 747 = 1

Adding together the probabilities on the 2 branches
of the tree diagram where events C and D both

12 15 _ 11
OCCUI'.W-F—IK':—W
37 8
o f 3

11 She has not taken into account the fact that the jelly
bean is eaten after being selected. The correct answer
is 0.5.

Mixed exercise 2

1 a
2 a
b
3 a
d
4 a

055 b 045 ¢ 05 d 0.429 (3 s.f)
€

i 0.6 ii 0.6 iii 0.222(3s.f.) iv 0.471(3s.f)

0433 (3sf) b 06 ¢ 0.72
0.25 e 0.577 (3s.f)
i1 R
6 R <
15 9 G




3 a 0433(3sf.) b 0.6 ¢ 0.72
d 0.25 e 0.577 (3 s.f)
4 5
" 1 _-R
6 R <
15 9 G
14
6
. 14__-R
5 G<<:::
8 G
1
12 : 1
b i = i Tt:
2 O
C 3 133
b a 0.74 b 0.757(3sf) ¢ 0.703
4 15
6 a TE b i
¢ 0.117 (3 s.f) d 0.146 (3 s.1)
7 a 03 b 042
c 7 <
A I"qF'l C
0.12

d i 025 ii 0.28
8 a Insome football matches, neither team scores.
b 0.12 ¢ 0.179 (3 s.f)

Challenge
a 04=p=06 b 02

I
<
A
o
3]






